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Abstract

Empirical researchers commonly observe multiple outcomes intended to measure
an underlying abstract variable. For example, the abstract variable “crime” can be
measured using crime rates for different types of offenses, and “wealth” can be mea-
sured using different asset ownerships. How should one aggregate these multiple
outcomes into a single quantity? In this paper, I show the shortcomings of common
approaches and propose a new approach to aggregate outcomes. First, I document
that three methods are commonly used in the empirical literature: principal com-
ponent analysis (PCA), inverse-variance matrix (IVM) weighting, and standardized
averaging (SA). I show that PCA has several unattractive properties: it is sensitive to
arbitrary choices of normalization, it can lead to non-standard limiting distributions,
it can produce negative weights on some outcomes, and it does not even necessar-
ily maximize precision. IVM does not suffer from the first two problems, but also
has the negative weighting problem. SA is more attractive, but need not maximize
precision. I use statistical decision theory to develop an approach to aggregating out-
comes that minimizes mean-squared error while ensuring interpretable weights. The
framework allows the researcher to flexibly incorporate prior information about the
relative quality of different outcomes. It also allows for valid inference that takes the
prior information into account. I apply the decision-theoretic procedure to two recent

empirical applications.

*Kenneth C. Griffin Department of Economics, The University of Chicago, ccplau@uchicago.edu.

I am grateful to Alex Torgovitsky, Stéphane Bonhomme, Azeem Shaikh, and Max Tabord-Meehan for
their continued guidance, support, and encouragement throughout the project. I also thank Dylan Balla-
Elliott, Xinyue Bei, Debopam Bhattacharya, Chris Blattman, Yong Cai, Tim Christensen, Joshua Dean,
Deniz Dutz, Max Farrell, Joseph Hardwick, Thomas Hierons, Damon Jones, Omkar Katta, Jacob Leshno,
Xinran Li, José Luis Montiel Olea, Ian Pitman, Kirill Ponomarev, Guillaume Pouliot, Doron Ravid, Frank
Schorfheide, Thomas Wiemann, and Davide Viviano for helpful feedback and discussions, as well as
participants of the Econometrics Advising Group for valuable comments. All errors are my own.


http://conroylau.github.io/conroy_lau_jmp.pdf
mailto:ccplau@uchicago.edu

Contents

1 Introduction
1.1 Survey on the use of PCA,SA,andIVM . . . . . . ... ... . ... ... ..
1.2 Related literature . . . . . . . . . ... . ...
1.3 Organizationof thepaper . . . .. ... ... .. ... . ... . ... ... ..

2 Framework
2.1 Notations . . . . . . o o e e e
2.2 Additional empirical examples . . . .. ... Lo Lo Lo L

2.3 Criteria for choosing the weights . . . . .. ... ...... ... .......

3 Common aggregating methods and their shortcomings
3.1 Principal component analysis (PCA) . . . .. ... ... ... .......
3.2 Inverse variance matrix weighting IVM) . . .. .. ... .. ... ... ...
3.3 Equally-weighted standardized averaging (SA) . . . . ... ... ... ....
34 Discussion . . ... ... L

4 A statistical decision approach
41 Thedecisionproblem . . . .. ... ... ... ... .. o
42 Parameter space and maximumrisk . . ... ..o o000
4.3 Estimating weights using the minimax approach . . . . ... ... ... ...
4.4 Estimating weights using the adaptive approach . . . . ... ... ... ...
45 Inference . . . .. . . ... ..

4.6 Implementation and summary . .. ... .. ... .. .......... ...

5 Empirical applications
51 Campanteand Do (2014) . . . . . . . . . ... o o
52 Bruhnetal (2018) . . . . . . . . . . e

6 Conclusion

References

10
10
19
21
22

24
25
26
28
30
34
35

36
36
38

41

42



1 Introduction

Researchers commonly observe multiple related outcomes that measure an underlying
abstract variable in order to evaluate the effect of a treatment. For instance, Bruhn et al.
(2018) measures entrepreneurial confidence and goal setting based on entrepreneurs’
responses to questions on attitudes and beliefs. Jones et al. (2019) measures productiv-
ity using different employment and workplace-related outcomes. Bau (2022) measures
wealth using various asset ownerships. Bhatt et al. (2023) measures crime involvement
using different types of offenses and arrests. In order to learn the treatment effect on the
abstract variable, to summarize the effect on the outcomes, or to improve interpretability,

researchers often aggregate the related outcomes into one index.

Some commonly used approaches to aggregate outcomes are principal component
analysis (PCA) which was popularized by Filmer and Pritchett (2001), the equally-
weighted standardized averaging (SA) approach by Kling et al. (2007), and the inverse-
variance matrix (IVM) weighting approach by Anderson (2008). To show the popularity
of these methods, Table 1 counts the number of articles from “top-five” economics jour-
nals that applied these methods in the last five years.

In this paper, I analyze the properties and shortcomings of these approaches and pro-
pose a new method to aggregate outcomes optimally. In the first part of the paper, I
show how using PCA, SA, and IVM affects precision and interpretability. Precision is
measured by the asymptotic variance of the treatment effect on the aggregated outcome.
Interpretability requires the weights on the outcomes to be nonnegative and sum to one.
This is because negative weights can cause sign reversal in the aggregated treatment ef-
fect. The negative weights issue here is similar to but different from the negative weights
issue in subpopulations, such as in difference-in-differences (e.g., de Chaisemartin and
D’HaultfEuille (2017); Goodman-Bacon (2021); Sun and Abraham (2021); Borusyak et al.
(2024)) and local average treatment effects (e.g., Blandhol et al. (2025); Stoczyniski (2024)).

I show that PCA-aggregated treatment effects do not maximize precision, can be dif-
ficult to interpret due to negative weights, is sensitive to an arbitrary sign normalization,
and can potentially lead to a nonstandard asymptotic distribution. This is in contrast
with how PCA is sometimes motivated as a way to increase power or improve inter-
pretability. IVM can also have negative weights and does not always maximize precision.
SA puts equal and positive weights on the outcomes, so it is not subject to interpretation

concerns for negative weights. However, SA does not utilize the correlation structure.

In the second part of the paper, I develop a new approach to aggregate treatment



effects using statistical decision theory. The approach takes precision into account using
the mean-squared error of the aggregated treatment effect as the objective, and enforces
nonnegative weights to avoid interpretation issues. Since the abstract variable of interest
is unobserved, I allow for two optimality criteria. The first one is the minimax criterion,
which minimizes the worst-case risk. The other is the recently proposed adaptive regret
concept (Armstrong et al., 2024) that measures the ratio of the cost of deviating from
the optimal weight. The second approach has an advantage that it does not require
specifying the level of misspecification as in the minimax criterion. In either case, I show

that the weights can be computed using convex optimization.

My statistical decision framework can allow for various economic specifications. It
can incorporate shape restrictions, such as some treatment effects being more impor-
tant than others. I show that the decision-theoretic framework can be motivated via a

communication model, where the reader has subjective weights on the treatment effects.

I illustrate the tools proposed in this paper by considering two empirical examples.
First, I revisit an analysis in Campante and Do (2014) that study how isolated cities
affect public good provision. The authors created a public good provision index using
PCA. They found that state isolation has a negative effect on the PCA index. However,
one of the outcomes in the PCA index has a negative weight. I apply my decision-
theoretic approach and find that a negative effect can still be found after making one of
the outcomes less important via shape restrictions. However, the effect is not significant
at the original 10% level being used. Next, I revisit Bruhn et al. (2018) that studies the
impact of management consulting on small and medium enterprises. To study how the
consulting program affects entrepreneurs’ goal setting and confidence, they use PCA
and SA to create entrepreneurial spirit indices. I revisit their analysis using my decision-
theoretic approach on the part where they found a significant effect on the PCA index
at the 10% level but not on the SA index. I find the consulting program has a positive

effect on entrepreneurial spirit, but it is not significant.

1.1 Survey on the use of PCA, SA, and IVM

Table 1 documents the practice of using PCA, SA, and IVM to aggregate outcomes. The
table shows they are prominent in applied work. I restricted the search to the “top-five”
economics journals between 2020 and 2024. The counts for PCA are based on searching
the papers that contain the phrase “principal component” on Google Scholar and journal
websites. The counts for SA and IVM are based on searching articles that cited Kling
et al. (2007) and Anderson (2008), respectively, on Google Scholar. The counts in Table 1
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Table 1: Usage of PCA, SA, and IVM in “top-five” economics journals in 2020-2024.

Journal \ Count PCA SA IVM
American Economic Review 10 13 14
Econometrica 4 2 2
Journal of Political Economy 4 6 0
Quarterly Journal of Economics 7 7 5
Review of Economic Studies 5 5 2
Total 30 33 23

Notes: PCA refers to principal component analysis, SA refers to equally-weighted standardized
averaging (Kling et al., 2007), and IVM refers to inverse-variance matrix weighting (Anderson,
2008). The above table focuses on using PCA, SA, and IVM to aggregate outcomes.

only include the articles that use these methods to aggregate outcomes.

1.2 Related literature

This paper is related to two different strands of literature in econometrics.

First, my paper is related to the literature that studies how to aggregate outcomes.
O’Brien (1984) is an early work in biostatistics that studied the use of generalized least
squares (GLS) to aggregate outcomes. Recently, Anderson and Magruder (2023) studied
the power of SA under the assumption that treatment effects are homogeneous. Gomez
(2024) conducted a simulation study on the power properties for PCA, SA, and IVM,
but did not discuss negative weights or derive theoretical properties on precision for
all three methods. Allee et al. (2022) reviewed the use of PCA and factor analysis in
accounting research. Similar to my survey on economic papers in Table 1, they found
that 219 articles used PCA or factor analysis in ten major accounting journals from 2015
to 2019. They did not discuss asymptotic variance, power, the problem of negative
weights, sensitivity to normalization, and nonstandard asymptotic distribution for PCA

and factor analysis. They also did not discuss SA and IVM in their review.

Apart from PCA, SA, and IVM, other approaches have been recently proposed to ag-
gregate outcomes, but they involve a different objective, or require additional assump-
tions or data, such as Anderson and Magruder (2023), Hu et al. (2024), Fu and Green
(2025), and Stoetzer et al. (2025). I review them in Section 3.4.2 ahead after introducing
the problem formally.

Second, this paper is related to the literature on statistical decision theory and optimal
estimation by Donoho et al. (1990), Donoho (1994), Cai and Low (2004), Armstrong and
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Kolesar (2018, 2021a,b), and others. The idea of using adaptive regret to adapt over a
range of misspecification was recently proposed by Armstrong et al. (2024), which is
related to Bickel (1984) that adapts over granular sets. While I use the adaptive concept
in Armstrong et al. (2024), my setting is different in that I allow all estimators to be
biased, whereas they assume there is one unbiased estimator. I also restrict attention to
a convex combination of the estimators to ensure interpretability on the treatment effect
of the aggregated outcome. My paper is also related to the use of statistical decision
theory in site selection and evidence aggregation problems, such as the recent work by
Gechter et al. (2024), Ishihara and Kitagawa (2024), and Montiel Olea et al. (2025). These
papers have a different goal from reporting an aggregated treatment effect. See also
Wald (1950), Savage (1951), and Manski (2004) for statistical decision theory.

In concurrent and independent work, Fedchenko (2025) studies treatment effect esti-
mation with summary indices. Similar to my paper, Fedchenko (2025) points out that
negative weights can cause interpretation issues, shows how to conduct valid inference
due to the data-dependent weights, and points out that the claims on power improve-
ment do not necessarily hold. Despite the above similarities, there are several notable
differences between our work. First, I develop a new statistical decision approach to
aggregate, while Fedchenko (2025) recommends using SA or simple averaging. Second,
I consider the treatment effect on the latent outcome as the target parameter in addition
to the treatment effect on the summary index, whereas Fedchenko (2025) considers the
latter parameter. Third, Fedchenko (2025) mainly focuses on SA and IVM. I also study
PCA due to its popularity as documented in Table 1. Fourth, Fedchenko (2025) only
points out the negative weights problem for PCA, while I show that there are three other
issues with the PCA approach.

1.3 Organization of the paper

Section 2 introduces the setup and describes criteria for aggregating treatment effects.
Section 3 studies commonly used methods and their shortcomings. Section 4 presents
the decision-theoretic approach. Sections 5 presents two empirical applications. Section

6 concludes. All proofs can be found in the appendix.

2 Framework

This section introduces the setup and discusses some natural criteria for aggregation.



2.1 Notations

Consider a researcher who observes multiple outcomes Y; = (Y, .. .,l/i,q)’ € R7 to
measure the effect of a treatment D; € R, where i = 1,...,n indexes observation. Let
B = (B1,---,Bg) € R7 be the vector of treatment effects on these outcomes (possibly
using additional covariates). Researchers are often interested in learning the treatment
effect on a latent outcome of interest L; € IR, in addition to (or instead of) the treatment
effect on each of the outcomes. Let 6 € R be the treatment effect of D; on L;. For
exposition purposes, I will frequently refer to the running example below on aggregating
multiple asset/wealth-related outcomes, which is a common setting in empirical work
(such as Blattman et al. (2020), Banerjee et al. (2021), Bau (2022), and many others).

Example 2.1 (Running example). A researcher is interested in learning the effect of a cash
transfer program on wealth. The researcher collects multiple asset-related outcomes Y},
such as the ownership of goats, cows, cars, televisions, and cooling devices. Let L; be
wealth and D; € {0,1} be the indicator that equals 1 if treatment is received, and equals
0 otherwise. Here, 0 is the treatment effect of D; on L;. A

Section 2.2 shows additional empirical applications to facilitate the interpretation of 6.

The outcomes are required to be oriented in the same direction and standardized in
a way that the researcher wants to interpret the effect (e.g., using the full sample, or the
control sample). In terms of the running example, the orientation requirement is satisfied
when each Y;; is increasing in the number or ownership of assets. This assumption is

summarized below and is maintained throughout the paper.

Assumption 2.2. The outcomes Y; have been oriented so that a higher value means a better
outcome, and they have been suitably normalized.

For a given weight w = (wy, .. .,wq) € RY, the treatment effect estimator of D; on
w'Y; is the same as linear aggregating the treatment effects of D; on each outcome Y;
using w. Lemma A.2 in the appendix formally describes this equivalence for linear
models with covariates and potentially data-dependent weights. Hence, I focus on the

following representation of weighted average of treatment effects to estimate 0:
T=w'fB= w1p1+ -+ wq,Bq/ (1)

for an estimator 3 = (B1,...,B,)’ of . Without additional assumptions, T = E[] may
not be equal to 6. In terms of running example (Example 2.1), this means the treatment
effect of the cash transfer program on the aggregated asset w’Y; may not be exactly



equal to 6 (i.e., the treatment effect on wealth). Thus, I use T to distinguish it from 6. As
discussed in Section 3, many approaches (including PCA, SA, and IVM) have the above

representation.

The above setup assumes that the treatment effects are related to the same 6 for
exposition purposes. This is not necessary when one believes there is one latent outcome
for each domain. Researchers can create a summary index for each domain of outcomes
(e.g., as suggested in Anderson (2008)). In terms of the running example on wealth

above, researchers could create indices on livestock and durable assets separately.

2.2 Additional empirical examples

I discuss additional empirical examples below apart from the running example of wealth

to explain the setup.

Example 2.3 (Public good provision). Campante and Do (2014) study the impact of iso-
lated capital cities on corruption, accountability, and public good provision.

In this example, let 0 be the effect of state isolation on public good provision. They
observe three outcome variables related to public good provision Y;, namely, smart state
index, the percentage with health insurance, and the log number of hospital beds. 3
is the regression estimator of how isolation affects each of the three outcomes. They
aggregate the three variables using PCA to create a public goods provision index, so w
is the corresponding PCA weights. A

Example 2.4 (Entrepreneurial spirit index). Bruhn et al. (2018) study the impact of of-
fering management consulting services to small and medium enterprises in Mexico.
They study how consulting affects productivity, returns on assets, and “entrepreneurial

spirit.” Entrepreneurial spirit measures the confidence of entrepreneurs and goal setting.

Let 6 be the impact of consulting on entrepreneurial spirit. They create an en-
trepreneurial spirit index using the response to eight outcomes Y;. Each outcome is
the entrepreneur’s response (coded as 1 to 5) to a survey question, such as “I have pro-
fessional goals.” Thus, 3 is the treatment effect of consulting on the responses. They
create an index by PCA and SA, so w is the corresponding PCA or SA weights. A

Example 2.5 (Violence involvement). Bhatt et al. (2023) study the impact of community
programs on serious violence involvement 6. To measure crime involvement, they use
related outcomes Yj, i.e., shooting and homicide victimizations, arrests, and other se-
rious violent-crime arrests. 3 is the treatment effect of each outcome. They create a
standardized index that averages the three outcomes. They also create an index using
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social costs and PCA. Hence, w depends on the approach used. A

2.3 Criteria for choosing the weights

Even if one focuses on using a linear combination in (1), there are many choices for the

weights. In this subsection, I discuss two criteria for choosing the weights w € RY.

2.3.1 Interpretability

The interpretability criterion requires the weights to be nonnegative and sum to one.
Negative weights can cause the overall effect to be negative even though the treatment
effect on each outcome is positive. For example, in the running example on wealth
(Example 2.1), suppose the cash transfer program has a positive treatment effect on each
asset. With negative weights, it is possible that the treatment effect on the aggregated
outcome is negative, which is undesirable. In addition, negative weights can also cause
reverse ordering of the aggregated outcome. For instance, suppose the weight on cows
is negative in the running example. This means holding other assets fixed, an individual
with more cows has worse wealth. Hence, the above shows that having negative weights
in the aggregated outcome is an unattractive property.

The sign reversal issue described above is related to, but different from, the nega-
tive weights issues pointed out in the recent econometrics literature, such as Blandhol
et al. (2025) and Stoczynski (2024) on instrumental variables and de Chaisemartin and
D’Haultf(Euille (2017); Goodman-Bacon (2021), Sun and Abraham (2021), Borusyak et al.
(2024) on difference-in-differences. In the aforementioned papers, they are concerned
with the negative weights from the treatment effect of the subpopulations. In the con-
text of aggregating outcomes, the negative weights are coming from the treatment effect
of different outcomes on the same population. Regarding the issue of reversed ordering
of the aggregated outcome, Vyas and Kumaranayake (2006) and Kolenikov and Angeles
(2009) pointed out that PCA socio-economic status indices can have this problem as some
variables can receive negative weights. Anderson and Magruder (2023) also mentions
that GLS-weighted indices can have negative weights.

Based on the above reasons, it is reasonable to focus on the class of convex weights

that are nonnegative and sum to one:
Werx ={w e RT: w'l, =1,w > 04}, (2)
where 1, is a vector of g ones and 0, is a vector of g zeros. Requiring the weights to
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sum to one has two purposes. First, this restricts the scale of the weights to avoid having
infinitely large weights. Second, this nests the homogeneous treatment effects case, i.e.,
iij = Bfor anyj=1,...,q, thenT = Bfor any w € Weyx.

Remark 2.6. After computing the weights, researchers may “post-process” the aggre-
gated outcome w'Y; by standardizing it (e.g., Parker and Vogl (2023)) or rescaling it to
[0,1] (e.g., Ajzenman (2021)). I discuss the implications of this post-processing step in
Appendix Section A.3.1. |

2.3.2 Precision

A natural criterion for T to be precise is to choose the weights to minimize the mean-
squared error (MSE). This amounts to using the squared loss function (T — 6)2. The MSE

can be written as a function of w as follows:
MSE(w; 0) = E[(T — 0)?] = Var[7] + E[T — 6]~ 3)

The MSE criterion evaluates the quality of the estimator by the variance and bias. In
terms of the running example, the bias component measures how well the treatment
effect on the weighted average of assets captures the treatment effect on wealth. The
variance component evaluates the noisiness of the aggregated treatment effect. This
criterion nests the special case where the treatment effect on each asset ; equals the
treatment effect on wealth 0, i.e., f; = 6 for each j = 1,...,4. In this special case, the
MSE becomes the variance. My decision-theoretic approach to be introduced in Section

4 shows how to handle the bias formally without making this assumption.

3 Common aggregating methods and their shortcomings

In this section, I study common methods for aggregating outcomes and show their short-
comings. Each method is mainly evaluated using the precision and interpretation criteria
described in Section 2.3. I also evaluate precision in terms of the asymptotic variance of

T,. I show that there are additional issues for PCA.

3.1 Principal component analysis (PCA)

PCA is a dimension-reduction tool that was developed more than a century ago (Pear-

son, 1901; Hotelling, 1933). PCA transforms a set of correlated variables into a new set of

10



uncorrelated variables called principal components. Refer to Table 1 for the popularity
of using PCA to aggregate treatment effects.

PCA is often performed on the correlation matrix of the outcomes, denoted as Zy.
Using a correlation matrix is preferred to a covariance matrix because the outcomes have
different units, so PCA on the covariance matrix is not scale invariant (Jolliffe, 2002). In
this subsection, I maintain Assumption 2.2 such that Y; represents the standardized
outcomes and [ is the treatment effect on such standardized outcomes.

The PCA approach aggregates outcomes using the first principal component (PC1) of
Ly, ie., it finds the vector w = (wy,...,w;) € RT that maximizes the variance of the
linear combination of the outcomes Var[w'Y;] = w'Eyw. For textbook expositions on
PCA, see, for instance, Jolliffe (2002) and Jackson (2005).

Section 3.1.1 reviews the relevant theory of PCA. Sections 3.1.2 and 3.1.3 evaluate PCA
using the interpretation and precision criteria, respectively. Section 3.1.4 explains that
PCA-aggregated treatment effects suffer from an arbitrary sign normalization. Section
3.1.5 shows that the PCA-aggregated treatment effect can potentially have a nonstandard
asymptotic distribution.

3.1.1 The PCA problem

The problem of finding the PC1 of Xy can be written as

Wpea = argmax w'Zyw, (4)
WEWinit
where the class of weights is
Wanit = {w € R7: w'w = 1,dw > 0}, (5)

for a given ¢ € RY. I explain the above choices and the role of c in (5) below.

First, the PC1 of Zy is the leading eigenvector of Zy. The PC1 of Zy is unique when the
largest eigenvalue is unique. To formalize this, let { (v}, )\j)}?zl be the eigenpairs of Ly,
where {/\j}?:l are the eigenvalues of the matrix Xy and v; is a unit-length eigenvector
corresponding to A; for each j = 1,...,49. I assume the eigenvalues are ordered as
A1 > --+ > Ay. The assumption below ensures the leading eigenvector of Xy is unique.

The problem of having repeated eigenvalues is briefly discussed in Remark 3.7.

Assumption 3.1 (Unique leading eigenvector for Zy). A; > A,.
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Figure 1: Sign normalization for the PCA problem.

w2

w1

S~

Notes: The green ellipse represents the objective of the PCA problem. The blue unit-length circle
represents the unit-length constraint. Both the grey and red dots are on the largest ellipse that
contains the unit-length circle. The red dot is identified by the w; + w, > 0 constraint.

Second, normalization on the length of w is required because the variance Var[w'Yj]

is unbounded without any restrictions on w. The unit-length restriction
ww=w+ - +wl=1 (6)

in (5) is commonly used. Other length normalizations are possible, although the results
would change based on the choice of normalization and they could lead to a more

difficult optimization problem (see, for instance, Jolliffe (2002)).

Third, the inequality ¢/w > 0 in (5) is an identification condition used to obtain a
unique solution. This identification condition is needed because the leading eigenvector
is unique up to a sign change even though (6) is imposed (i.e., both vy and —v, are
leading eigenvectors of Zy). Figure 1 explains this via the geometry of the PCA problem,
where the PC1 problem finds the largest ellipse (i.e., the objective w’Zyw in (4)) subject
to the unit circle (i.e., the unit-length constraint (6)). The unit circle alone is not sufficient
to pin down a unique solution because both the grey and red dots are valid solutions.
The inequality constraint w; + wy > 0 can be used to rule out the grey point and leads to
a unique solution. However, the choice of the identification constraint is arbitrary. Table
2 shows how several common programming languages implement the additional sign

constraints to identify the unique solution to the PCA problem.

Based on Table 2, the constraint ¢w > 0 covers the Stata implementation by setting ¢
as a vector of ones (note that Stata imposes a strict inequality based on the manual). This

12



Table 2: Sign constraints for PCA in common implementations.

Programming language Sign constraints

Stata The pca command chooses the sign of the loadings
such that the sum of each principal component is
positive (StataCorp, 2025).

Matlab The pca command chooses the sign of the loadings
such that the largest component of each principal
component is positive (The MathWorks Inc., 2025).

R The princomp command sets the signs of the loadings
such that the first entry of each principal component
is nonnegative as the default (R Core Team, 2025).

also covers the R implementation by setting c as a vector where the first entry equals 1
and the remaining entries are 0. This normalization means the ordering of the variables
matters. The normalization used by Matlab cannot be written as one linear constraint,

but can be analyzed similarly.
I conclude this subsection with the following remarks.

Remark 3.2. It can be shown that the PCA problem in (4) using an estimator for Xy is
equivalent to the following problem that finds the best-fitted hyperplane to the vector of

outcomes
min LY (¥ - wE) (¥ - w),
FeRYweRT 1

st. ww=1,

where F = (Fy,...,F,) € R". See, for instance, Bai and Ng (2002, Section 3) or James
et al. (2021, Section 12.2.2), for related discussions. The length normalization constraint

above is chosen to be the same as (6). [

Remark 3.3. The PCA problem in (4) can be written as

min w' Z; Lw
wEWynit

when Ly is positive definite. Thus, the PCA problem can be viewed as finding the
smallest eigenvector of the precision matrix X L n
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3.1.2 Interpretation

The class of weights (5) used by PCA does not restrict the weights to be positive. Whether
the weights can be all positive depends on the correlation. It is known that if £y has
only positive elements, then all the terms in the leading eigenvector of Ly have the same
sign using the Perron-Frobenius theorem (see, for instance, Exercise 8.7.1 of Mardia et al.
(1979)). Hence, unless Xy has only positive entries, it is possible for the PC1 of Zy to
have different signs. Outcomes can be negatively correlated with each other even if they
are all positively affected by the treatment. In the following, I discuss two possibilities

where negative correlations can occur.

The first possibility where this may occur is when the set of outcomes includes goods
that are substitutes. In terms of the running example on wealth, some outcomes that
are substitutes for each other might be included in the wealth index. For instance, the
asset index created by Bau (2022) contains assets that are likely to be substitutes (air
conditioner, air cooler, and fan). In the data, air conditioners are negatively correlated to
air coolers and fans. The PCA asset index gave negative weights to air coolers and fans
(see Figure A.3 in the appendix for the weights). To understand how negative correlation
arises with substitutes, I consider a stylized two-good example below.

Example 3.4 (Negative weights in PCA index due to substitutes). This example consid-
ers a consumer optimization problem with two goods, where the consumer’s utility is
increasing in both goods. Suppose the researcher creates a summary index by PCA us-
ing the two goods. I show that negative weights arise in this example due to a negative

correlation between the two outcomes.

Consider the problem below where the goods are substitutes (e.g., cows and goats):

A 1-A;
(Y71, Y2) = argmax yy'y, ™,
y1.y2 (7)

st y1+ pay2 < Income;(D;),

where the price of good 1 is 1, p; is the price of good 2, Income;(D;) > 0 is the income
of individual i depending on D; € {0,1}, and A; € (0,1) is a random utility parameter.

(1—A;)Income; (D;)
p2 '
I consider the general scenario in Appendix A.1.1. For concreteness, suppose p; = 2,

The optimal solution to problem (7) is Y;; = A;Income;(D;) and Y, =
A; equals 0.2 or 0.8 with equal probabilities, D; equals 0 or 1 with equal probabilities,

Income;(D;) = 10 + 5D; + V;, where V; ~ Uniform[0,5] and (V;, D;, A;) are mutually
independent. Then, Corr[Y}, Y/,] ~ —0.82 < 0.

14



The negative correlation in the two outcomes is related to the two goods being sub-
stitutes for each other. As a result, running PCA on these two goods would lead to an
index with negative weights. However, D; has a positive effect on both outcomes. Hence,

using PCA to create an index to represent utility here is unreasonable.
In Appendix A.1.2, I further analyze a case with perfect substitutes. A

Another possibility for negative correlation to arise is when one discretizes a con-
tinuous variable into mutually exclusive binary indicators (see Kolenikov and Angeles
(2009) for more discussion). To see this in terms of the running example of wealth in-
dex in Example 2.1, let Y; be a categorical variable with support {yo,y1,...,yr} that
indicates the type of cooling device owned by a household. If the following binary indi-
cators are created to represent ownership of the types of cooling device Z;; = 1[Y; = y]
forl=1,...,L, then Cov|Z;;, Zii]| = —E[Z;]E[Z;}] <0 for ] # k.

Finally, the class of weights Wit in (5) requires the weights to be of unit length. In
addition to the possibility for PCA to have negative weights, the weights do not typically
sum to one. Hence, even if f; = Bforallj=1,...,q, w'B can be different from B.

3.1.3 Precision

This subsection studies how using PCA to aggregate outcomes affects the precision of the
aggregated treatment effect. It is often mentioned that PCA is used because it maximizes
the variance of the linear combination of the outcomes, or it is a tool for dimension
reduction. While these statements follow from the definition of PCA, I show that these

properties do not necessarily translate to a precise aggregated treatment effect.

Using PC1 to weight the outcomes does not necessarily minimize the asymptotic vari-
ance of the aggregated treatment effect estimator. This is because PCA is a maximization
problem involving Xy and not directly related to the minimization of variance of the ag-
gregated treatment effect. I show the details in the appendix. To illustrate this, I consider
an example with binary treatment below.

The analysis below studies how running PCA on the correlation matrix of the out-
comes does not lead to an aggregated treatment effect with low variance. Thus, the
analysis below assumes the variance matrices are known. In practice, such matrices
have to be estimated, and the weights are computed by running PCA on such estimated
matrices. Computing the correct standard errors of the aggregated treatment effect re-

quires taking these estimated weights into account (details are in Appendix A.7).

Example 3.5. Suppose the researcher observes g asset outcomes to evaluate the effect of
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a cash transfer program D; € {0,1} as in Example 2.1. Let Y] be the vector of suitably

standardized outcomes (as maintained in Assumption 2.2) such that
Yjj = ¢j+ BiDi + Uiy, (8)

where ¢;, B, U;; € R. Let By = (Bur, - .,En,q)’ be the estimator for 3. Let the treatment
effect on the wealth index be 7, = w’ Bn = Z?Zl wjﬁn,]' for a fixed w € R7. Under

standard assumptions, the asymptotic variance of 7, is given by

o2(w) = w’Zéw, )
where X is the asymptotic variance of B,. Note that computing T 5 has to take into
account that each outcome is standardized by the sample standard deviation. The ex-
pression of X5 is shown in (A.22) in the appendix. Requiring the PC1 of Zy to minimize
02 (w) means the smallest eigenvector of & 3 has to be equal to the leading eigenvector of
Ly. This is generally a strong condition. For exposition purposes, I present a simplified

analysis below and defer the details to Appendix A 4.

Assume homoskedastic errors, Var[Y;;] = 1and B; =0 forj=1,...,q. Then,

1
L= ———Lvy, (10)
# po(1-pp)
where pp = P[D; = 1]. Here, the PCA problem that maximizes w'Zyw is the same as

maximizing the asymptotic variance of the aggregated treatment effect w'X W

For concreteness, Figure 2 shows a numerical example using the above model with
q=2,B1=pB2=0,pp =0.1,and Cov|[Y;1,Y;,] = —0.6. The figure plots the asymptotic

standard deviation of T, i.e., o (w) in (9), against w; (Where wy = /1 — w% is required

to be nonnegative). Since Var[Y;1,Yi»] < 0, a leading eigenvector of Zy is (_\/LE’ \/LE)

But this vector maximizes o (w). A

Next, consider the MSE criterion in (3). PCA does not minimize this in general as
well following a similar argument as in Example 3.5. In addition, even if the variance is

known, it does not provide information about 6.

Apart from variance, PCA also requires strong conditions to maximize the ¢-statistic.
This is in contrast with how PCA is sometimes motivated as a way to improve power.
The analysis on t-statistic requires additional notations, so I summarize the main idea

here and show the details in Appendix A.5. In terms of the setting in Example 3.5, the
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Figure 2: A two-outcome numerical example that evaluates the precision of PCA.

4.0
3.5
3.0
2.51

10 -05 00 05 1.0
W1

Standard deviation

Notes: The above plots the asymptotic standard deviation of the aggregated treatment effect
against w;. See Example 3.5 for the data-generating process. The vertical dashed line represents
the choice made by PCA.

t-statistic squared has a one-to-one relationship with R-squared. Thus, to maximize R-
squared, the weights should be chosen to “separate” the means of w'Y; for the treated
and control groups as much as possible. This means w’(3 is also important, but PCA
on XLy does not achieve this goal without additional conditions because Zy pools the
information from treated and control groups together. I also discuss the more general

cases in the appendix.

3.1.4 Sensitivity to the sign (identification) constraint

The uniqueness of the solution to (4) is related to the inequality constraint c'w > 0
in (5) to rule out one solution. However, there is no unique method of imposing the
identification constraint as reviewed in Table 2. This causes the results to be sensitive
to the identification condition. In particular, changing the identification condition can
potentially lead to an aggregated treatment effect to be of different sign. I illustrate this
via the following empirical example.

Example 2.3 (revisited). This example revisits one of the analyses in Campante and Do
(2014) that generates a public good provision index using PCA on three outcomes. It

shows that the treatment effect on the PCA index is sensitive to the sign constraint.

This example replicates the OLS analysis in R to generate a PCA index and then re-
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Figure 3: The PCA-aggregated treatment effects replicated using R.

PCA-aggregated treatment effect
o

Log hospital Percentage with Smart state index
beds per capita health insurance

Outcomes used as the first variable
Notes: The x-axis shows which variable is the first variable passed to the function princomp in R.
The points show the PCA-aggregated treatment effect. The blue bars show the 90% confidence

interval that uses the robust option as in the original Stata replication code. The red horizontal
line shows the PCA-aggregated treatment effect obtained from Stata.

gresses it on average distance from the state capital and other controls. As reviewed in
Table 2, the princomp function depends on what the “first variable” is. Figure 3 uses dif-
ferent outcomes as the “first variable” and shows the coefficient on the average distance
away from the capital using the princomp function in R. It shows that positive or negative
effects are possible when different outcomes are used as the “first variable,” while being
significant at the 10% level. Standard errors are computed as in the authors’ replication
code. See Appendix A.7 on computing standard errors with the generated outcomes.
The red line shows the treatment effect estimated using the authors’ replication code in
Stata. A

When all treatment effects and PCA weights have the same sign, it might be clear
what the “correct” choice of the sign identification constraint is. However, it can create
an ambiguity when the signs of the treatment effects and loadings are mixed.

3.1.5 Nonstandard asymptotic distribution

In this subsection, I show that PCA-aggregated treatment effects can have a nonstandard
asymptotic distribution due to weak identification. This is due to the ¢/w > 0 constraint

in (5) that is used to achieve identification.
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If Wpca 1S “near” 0, this creates a weak identification issue. Intuitively, this is because
it becomes more difficult to pin down the unique solution when compared to the strong
identification case that ¢’ Wpca is “far away” from 0. This observation and its implication
on inference is summarized in the proposition below, where I use a drifting sequence to
model the behavior that ¢/ Wpca is “near” 0. This is related to the approach used to study
the issue of weak instruments by Staiger and Stock (1997). To analyze the large-sample
properties, Assumption A.1 (stated in the appendix) requires that the estimators for 3
and Xy are consistent and a suitable central limit theorem applies.

Proposition 3.6. Let Assumptions 2.2, 3.1 and A.1 hold. Suppose ¢ wpcan = \% for some
0 > 0. Let Wpca,n be the solution to (4) using a consistent estimator of Ly, and Tpcan = wgca,n 0.
Consider C = [t tup] where —co < ty, < typ < 00, If Tpea # 0, then

151\11;61 ’}LIE.}OIP[\/E(/T\pca,n - Tpca’n) E C] S 0.5.

The analysis uses matrix/eigenvector perturbation (see, for instance, Stewart and Sun
(1990), for a comprehensive reference) because the PCA problem is not convex (the equal-
ity constraint is not affine), and eigenvectors do not generally have a closed-form unless
in special cases. With strong identification, it is still possible to obtain asymptotic nor-
mality. I show the details for the strong identification case in Appendix A.7.1. I illustrate
the issue with weak identification by a calibrated simulation exercise in Appendix A.8.

Finally, the following remark states that the above is not the only possibility to have
weak identification.

Remark 3.7. Having repeated leading eigenvalues (i.e., relaxing Assumption 3.1) can
lead to a similar identification issue. This is because in this case, the leading eigenvector
is no longer unique. |

3.2 Inverse variance matrix weighting (IVM)

Anderson (2008) creates a summary index by a weighted average of standardized out-
comes using the inverse of the covariance matrix. Following pages 1485 and 1949 of
Anderson (2008), Assumption 2.2 is imposed such that each outcome is demeaned and

divided by its control group standard deviation.
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The weights are given by

o1
— Y 4
Wiym = 1 7 (]- 1)
1z,
where the covariance matrix Ly is obtained from the outcomes standardized as described
above. The weight in (11) can be obtained by solving

. /
min w Xyw, 12
Shin Y (12)

where the class of weights requires the entries to sum-to-one (“sto”):

Wiato = {w € RT : w'1, = 1}. (13)

Anderson (2008, page 1485) discussed that using the covariance matrix in weighting
ensures highly-correlated outcomes receive less weight, and that the resulting weight is
the efficient generalized least squares (GLS) estimator (O’Brien, 1984). The connection
with GLS can be found in the theorem on page 1082 of O’Brien (1984), which states that
if Y is a vector of g unbiased estimator of a scalar parameter with covariance matrix Zy,
then the corresponding is best linear unbiased estimate is given by w! Y.

wvm

3.2.1 Interpretation

The class of weights (13) used by IVM only imposes a length normalization, with the
signs being unrestricted. The denominator of the weights (11) is positive because Zy
is positive definite. However, the numerator can contain negative entries because it

involves summing rows of the inverse of Zy. Hence, the weights can be negative.

3.2.2 Precision

The objective in (12) is not necessarily the same as minimizing the asymptotic variance
on the aggregated treatment effect because it focuses on the variance on outcomes. It
also does not equal the MSE in (3) without additional assumptions on 6.

In the following, I revisit the binary treatment example. Similar to Section 3.1.3, the
below analysis assumes the variance matrices are known. In practice, such matrices have
to be estimated and (11) is computed using such estimated matrix. I defer the discussion

of generated outcomes and how to correctly compute standard errors to Appendix A.7.
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Example 3.8. Consider the binary treatment setup as in Example 3.5 with the exception
that each outcome is divided by the standard deviation from the control group as in
Anderson (2008). Thus, the derivation for the asymptotic variance is similar as Example

3.5 with the difference on how the outcomes are standardized.

Minimizing w'Zyw and w'Z gw over w € Wso do not necessarily lead to the same
solution. One possibility that they give the same solution is with homoskedasticity,
B = 04, and each outcome has a variance of 1 in the control group. This is because in
this specification, X5 is a scalar multiple of Zy as in (9). However, this may not be true

with heteroskedasticity or more general setup. I show the details in Appendix A 4.

Next, consider the MSE in (3). Even if the variance of ﬁn is known, it still requires the
knowledge of 6, so IVM does not minimize MSE without additional assumptions. A

Similar to the PCA analysis, wiym does not necessarily maximize ¢-statistic or improve
power. The details on the connection between the t-statistic and IVM can be found in
Appendix A.5.

3.3 Equally-weighted standardized averaging (SA)

Kling et al. (2007) creates a summary index by taking an equally-weighted average of
treatment effects after each treatment effect is demeaned by the control group’s mean
and divided by the standard deviation of the corresponding outcome in the control

group. Hence, their weight is

Since the above weights are positive, there is no interpretation issues from negative

weights as in the two previous methods.

Kling and Liebman (2004) and the appendix of Kling et al. (2007) discussed why they
divide by the control variances. From footnote 13 of Kling and Liebman (2004): this is
for comparison on effect size relative to the control group, which is related to Glass’s
delta (see, for instance, Glass et al. (1981)). They compute the sample variance of the
resulting weighted average of treatment effects via seemingly unrelated regression in

order to account for the correlation in 3,,.
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3.3.1 Precision

Equal weighting minimizes the asymptotic variance of 7, if the asymptotic variance of
the vector of treatment effects is an equicorrelation matrix. This is summarized in the

proposition below, where the result follows from a constrained optimization calculation.

Proposition 3.9. Let L be an equicorrelation matrix, i.e., T has diagonal entries equal 1 and
off-diagonal entries all equal to p € (—;17,1). Then, we, = argmin,, ¢y, ~w'Tw.

The length normalization choice that w sums to one in Proposition 3.9 to restrict the
length of w is a natural minimal assumption such that wsy, € Wi, in (13). The restriction
on the correlation is to maintain positive definiteness of T (see, for instance, Abadir and
Magnus (2005, page 241)).

While the above shows under what conditions equal weighting can be optimal, using
the variance matrix to weight the outcomes can increase precision. I demonstrate this
using a stylized example with duplicated variables in Appendix A.6 as a limiting case
of having highly correlated outcomes.

Similar to the previous analysis, ws, does not necessarily maximize t-statistic or im-
prove power. The details on the connection between the t-statistic and SA can be found
in Appendix A.5.

3.4 Discussion

The analysis above shows that PCA, SA, and IVM do not necessarily minimize the vari-
ance of the aggregated treatment effects. PCA and IVM can also have interpretation
issues due to negative weights. In Section 3.4.1, I explain how to choose the weights to
minimize the variance and show the large-sample properties. In Section 3.4.2, I explain
other related methods.

3.4.1 Variance-minimizing weights

The previous subsections showed that PCA, SA, and IVM do not necessarily minimize
the asymptotic variance of the aggregated treatment effect. This subsection explains how
to choose the weights and conduct inference on the aggregated treatment effect if the
goal is to minimize the asymptotic variance. The weights are required to be nonnegative
and sum to one to ensure interpretability as defined in Section 2.3.1. A caveat to the
analysis is that this ignores bias. This can be thought of as computing the optimal
weights with ; = 6 for j = 1,...,4. I will discuss how to take bias into account using
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statistical decision theory in Section 4.

Let 3, be the estimator for B and I be the asymptotic variance of 3,, where Z is

positive definite. Let wymc be the solution to the following problem

wrg/ivrclvx w'Zw, (14)
where Weyx is defined in (2) and “vmc” is the acronym for variance minimization subject
to convex weights. Let Wymc,n be the solution to (14) when X is replaced by its consis-
tent estimator L,. The following proposition characterizes the limiting distribution of
Wyme By. Assumption A.25 requires consistency, and a central limit theorem applies for

~

B, and fln.
Proposition 3.10. Let Assumptions 2.2 and A.25 hold. Then,

~ = d =
\/ﬁ(wvmc,nﬁn - w(/mcﬁ) — w(/mczﬂ + Blh’*(z)l

where Zg and h*(Z) are given in Theorem A.27.

The term h*(Z) captures the limiting distribution of the estimated weights, and can
be nonnormal due to the nonnegativitiy constraints in (2). Nevertheless, asymptotic

normality can be restored when wymc > 0,. I show the details in Appendix A.7.4.

3.4.2 Other methods and discussion

Apart from PCA, IVM, and SA, other methods have been proposed to aggregate out-
comes and treatment effects. These methods typically require additional assumptions,

or data, or tuning parameters. I briefly review some of these methods below.

Recently, Hu et al. (2024) takes a measurement error approach and creates a linear
index for the latent variable. Their index require identification assumptions related to
nonlinear models with measurement errors (Hu and Schennach, 2008) to identify the
joint distribution of the latent variable and the observed outcomes. Fu and Green (2025)
uses an instrumental variables strategy to identify the treatment effect on the latent
outcome of interest. Their strategy requires exclusion restrictions and independence
assumptions and uses either the treatment or other measurements as an instrumental
variable. My approach is different in that I do not require a specific number of outcomes

or extra identification assumptions.

Anderson and Magruder (2023) is related in that they propose machine learning ap-

proaches to choose the weights to maximize power for aggregating outcomes in pre-

23



analysis plans. They penalize their power function using a tuning parameter on the
Herfindahl-Hirschman index to avoid putting all weights on one outcome. Their ap-
proach requires cross-validation and choosing different possible outcomes. I take a
statistical decision approach, focus on mean-squared error as the objective, and allow
researchers to flexibly model the parameter space. My approach with adaptive regret
(to be introduced in Section 4) does not require the researcher to use a specific level of

misspecification.

Stoetzer et al. (2025) proposes a hierarchical item response approach to estimate the
treatment effect on the latent outcome using observed indicators. They require paramet-
ric assumptions on the latent variables and related indicators. Item response theory has
also been used in economics and psychometrics. In the psychometrics literature, Dou-
glas (2001) shows that when binary proxies are used, point identification of the latent
variable would require a large number of binary proxies. My approach does not require
a specific number of outcomes. See Williams (2019) for related identification results of
using item response theory to identify a latent variable that is used as an independent
variable. Lubotsky and Wittenberg (2006) also focuses on the scenario where there are
available proxies for a latent variable as an independent variable. Their strategy depends
on whether the error components in the proxies are independent, and they recommend
reporting both the instrumental variables estimator and the least squares estimator with-

out additional assumptions on the error terms.

Using additional data on costs and benefits, researchers have reported an aggregated
measure in terms of costs and benefits. For instance, Heckman et al. (2010) estimates the
benefit-cost ratio and the rate of return for the Perry Preschool Program, and Bhatt et al.
(2023) constructs an index based on social costs. I do not assume that researchers have

access to such data and focus on the statistical problem of aggregating outcomes.

Finally, researchers sometimes motivate the use of aggregation due to concerns about
multiple testing. Whether multiple hypothesis testing should be used depends on the
decision the researcher wants to make. See Romano et al. (2010) on a survey of multiple
testing, and Viviano et al. (2025) for an economic model on when multiple hypothesis

testing is appropriate.

4 A statistical decision approach

In this section, I develop a statistical decision framework to aggregate treatment effects.
The framework provides a principled approach using the mean-squared error in Section
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2.3 as the objective, while ensuring interpretable weights. It also allows researchers to
flexibly incorporate their information on the relative quality of the outcomes.

To develop the theory, I introduce the decision problem in Section 4.1. Section 4.2
discusses the parameter space. Two approaches to estimate the weights are then consid-
ered. Section 4.3 considers the minimax approach and Section 4.4 considers the adaptive
approach. Section 4.5 shows how to conduct inference. Section 4.6 provides an imple-
mentation algorithm and summarizes.

4.1 The decision problem

This subsection introduces the researcher’s problem and defines the risk function. As-
sume the researcher observes a vector of treatment effects B that follows

B~N(B L), (15)

where 8 = (B1,...,B4) € R7is the vector of population means and the variance matrix
L is assumed to be a known positive definite matrix. The above is the treatment effects
on the standardized outcomes (Assumption 2.2). The normal distribution in (15) can be

justified by a large-sample approximation and is mainly for exposition purposes.

The Gaussian assumption on treatment effects above has also been used in other con-
texts, such as recently in site selection and evidence aggregation problems (e.g., Gechter
et al. (2024), Ishihara and Kitagawa (2024), and Montiel Olea et al. (2025)), although they
have a different goal. In the setup of this paper, (15) models the distribution of multiple
correlated treatment effects. I also assume that the researcher reports a linear average
of treatment effects on the observed outcomes T = w'3 as in (1) with w € Weyy in (2).
Focusing on the class of weights Wcyx that are nonnegative and sum to one is to avoid

the problem of having interpretation issues as discussed in Section 2.3.1.
The assumption below ensures that the covariance matrix X in (15) is positive definite.

Assumption 4.1. X has real-valued eigenvalues bounded below by Ay, > 0 and above by Ay <
oo where Ay, > A,

To measure the quality of 3 in capturing 6, define
b=p-601, c R (16)

In terms of the running example (Example 2.1), b can be interpreted as how well the

treatment effects of various assets measures the treatment effect of wealth.
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The squared loss function is used to model the performance of the estimator 7T relative
to 0 as in Section 2.3.2. Since 7 is a linear combination of 3 in (1), I can write the loss
function as follows

L(w,B3,0) = (T—0)> = (w'B—0)> (17)

The loss function is written as a function of w since the researcher’s action is to choose

the weights w in forming the estimator 7.

The risk function of the estimator T is the expectation of the loss function (17) with
respect to the distribution of 3 in (15). For any b € R7 and w € Wy, the risk function
is defined as

R(w,b) = E[L(w,3,0)] = E[(w'8 — w'B8)? + (w'8 — 0)*] = w'Zw + (w'b)?,  (18)

where the last equality follows from (15), the definition of b in (16), and that w sums to
one.

4.2 Parameter space and maximum risk

In this subsection, I introduce various options to model and motivate the parameter
space of b. In terms of the running example on wealth, this is needed because the
quality of the treatment effects on different assets in capturing the effect on wealth is
unknown although the variance in X in (18) is known. Researchers may also have prior

information on the relative quality of the treatment effects on various assets.

Let S(B) be a nonempty parameter space on b and B > 0 be a maximum level of
misspecification chosen by the researcher. In the following, I describe three examples to
show that S(B) can be flexible to reflect researcher’s restriction or prior information on

treatment effects. More details can be found in Appendix B.4.

Example 4.2 (Bounds on the overall magnitude). I start with the restriction in which the
researcher places an upper bound on the vector b in S(B) using the £,-norm of b for
p > 1 (such as in Armstrong and Kolesar (2021b)). In this case, the parameter space can
be written as

S(B) = {b € R7:|b]|, < B}. (19)

In terms of the running example on wealth, the above places an upper bound B on
the quality of treatment effect on different assets. If B = 0, this means ; = ¢ for each
j=1,...,9 (e.g., the treatment effect on each asset equals the treatment effect on wealth).

If B > 0, choosing p = oo can be interpreted as setting the same bound on each b; (i.e.,
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b; for each asset is bounded in [—B, B]). Choosing p € [1,c0) allows for some treatment
effects to be more important or having a better quality in capturing 6 than others. A

Example 4.3 (Shape restrictions). Researchers can impose shape constraints when they

believe the treatment effects on some outcomes are more important than others.

In the entrepreneurial spirit index from Example 2.4, Bruhn et al. (2018) mentions
that two of the outcomes might not be directly affected by their consulting program, but
are driven by an improvement in business. Thus, they construct another entrepreneurial

spirit index that excludes these two outcomes.

In this empirical example, shape restrictions that make these two outcomes less im-
portant can be an informative alternative to dropping them directly. Let [Jy be the set
that indices the two outcomes they exclude, and J; be the set that indices the remaining
outcomes. A shape constraint that can be reasonable in this setting is x|b;| < [by| for
j € J1and ¢ € Jy where x € R controls the relative importance between outcomes in Jj

and J;. Setting « > 1 can be interpreted as the outcomes in [J; being more “important.”

Together with a bound on b as in Example 4.3, the above can be described as
S(B) ={beR7:|jb], < B,QIb] <0},

where Q@ € R’ and |b| refers to taking absolute value on b componentwise. Other
types of constraints can be used, such as Qb < 0. A

Example 4.4 (Communication and subjective weights). Another concern that researchers
may have is related to the communication of the weighted average of treatment effects
T to the reader. In terms of the running example (Example 2.1), readers may think the
treatment effect of the cash transfer program on wealth 6 is the treatment effect on the
weighted average of assets, but have subjective views on what the weights should be for
each asset. The researcher’s decision has to take this communication issue into account.

This communication problem can be described through a parameter space on b. For
exposition purposes, consider the case that 6 = +'3 for some known v € W and
|b]|, < B as in Example 4.2. In this case, the vector of misspecification can be written as
b= 3 — (v'8)1;. In Appendix B.4, I show that this can be studied via a shape constraint
in the parameter space. In addition to a known -, I show how to allow for an unknown

~ or ambiguity around a given ~. A

After defining the parameter space S(B), the maximum risk can be evaluated as the
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maximum of (18) over b € S(B), i.e.,

Rmax(B,w) = max R(w,b) = w'Zw + max (w'b)?, (20)
beS(B) beS(B)
where the second equality holds because the variance term is independent of b. By
Assumption 4.1, the variance component V(w) = w'Zw is strictly convex in w be-
cause L is positive definite. Since S(B) is nonempty, the maximum bias M(B,w) =
maxXp,e S(B)(w’ b)? is convex in w for a given B > 0 because it is a maximum of convex
functions (Boyd and Vandenberghe, 2004, Page 81).

4.3 Estimating weights using the minimax approach

This subsection takes a minimax approach to estimate the weights by minimizing the
worst-case risk over the parameter space. In terms of the running example on wealth, the
minimax approach chooses the weight on each asset by minimizing the worst possible
MSE over all possible quality of treatment effects on the assets specified in b € S(B).

The minimax problem is

R*(B) = min Rmax(B,w)= min [V(w)+ M(B,w)], (21)
WEWevx WEWevx
where the maximum risk is from (20). R*(B) is referred to as the minimax risk. Suppose
S(B) is bounded and nonempty. Following the discussion in Section 4.2, V(w) is strictly
convex in w and M(B, w) is convex in w. Hence, the objective of (21) is strictly convex.
It follows that (21) has a unique optimal solution. I denote the optimal solution to the
minimax problem (21) as follows:

w*(B) = argmin Rmax(B, w). (22)
wWEWevx

The expression for M(B,w) depends on the parameter space. Computing the optimal
solution can be done by convex optimization and the details are in Appendix C.1.

In the following, I discuss three remarks on some special cases of the minimax prob-

lem (21) and an example with two outcomes to build more intuition.

Remark 4.5 (Variance minimization when B = 0). Consider B = 0 so that f; = 6 for each
j=1,...,9. This leads to M(B,w) = 0 and the objective of the minimax problem (21)

reduces to V(w). Hence, the optimal weight is the variance-minimizing weight. |
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Remark 4.6 (Connection with matrix regularization). Assume the parameter space is as
described in Example 4.2 that restricts b with the ¢,-norm, i.e., S(B) = {b € R7 : ||b||» <
B}. Then, M(B,w) = B?||w]||3. The objective of (21) becomes Rmax(B, w) = w'(Z +
B%I,)w, where I, is an identity matrix of size g x q. Thus, the optimal weight for the
minimax problem can be viewed as minimizing the quadratic form on the regularized
matrix X + Bqu subject to w € Weyx. [ |

Remark 4.7 (Connection with standardized weighting). Suppose B — co and the pa-
rameter space is as described in Example 4.2 that restricts b with the £,-norm and

p € (1,00). Then, the solution is (see Appendix Corollary B.11):

1
lim w*(B) = -1,.
B—oo q

Thus, the above is similar to SA which puts equal weights on each treatment effect
(although SA divides outcomes by the standard deviation from the control sample as
in Section 3.3). This provides a statistical decision-theoretic justification of using equal

weights as the optimal solution when B — . |

Example 4.8. Suppose the researcher observes two assets as in Example 2.1, so that
B = (B1,B2) and B = (B1,B2). Assume p € (—1,1) and 05 > 0, so (15) can be written

(5~ ((2) (o )

I assume 0y # 1 so the two treatment effects do not have the same variances. Suppose
the Euclidean norm is used to bound b = (by,b;)" in S(B) as in Example 4.2. Since
w1 + wy = 1, I focus on characterizing the optimal solution for the first weight. The

optimal solution wj (B) for the minimax problem with two outcomes is given as follows:

0 if (722 — poy < —B?,
wi(B) =141 if 1 — pon, < —B?, (23)
2 2
0y 0> +B otherwise.

1402 —2p0+2B2

The optimal weights in (23) depend on B, 02, and p. First, consider B = 0. The optimal
weight focuses on minimizing the variance of the estimator as discussed in Remark 4.5.
If the second treatment effect is more precise (i.e., 02 < p < 1 here), then it is optimal to
set wy(0) = 0. This is reasonable because the treatment effect on both assets are unbiased

relative to the treatment effect on wealth when B = 0.
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As B increases, (23) suggests that it may not be optimal to put all the weights on
the second treatment effect even if 0o < p. This is related to the correlation of the
two treatment effects and also because the second treatment effect might have a poorer
quality in capturing the treatment effect on wealth when B > 0.

As B — oo, the optimal weights become w}(B) = % to reflect that researchers want

to be agnostic and put equal weights on both treatment effects as in Remark 4.7. A

4.4 Estimating weights using the adaptive approach

Solving the minimax problem in Section 4.3 requires the researcher to choose the value
B > 0. However, researchers may not want to commit to a specific value of B, but
are willing to specify a set B C R such that B € B. In the context of the running
example on wealth, researchers may want to choose the weights on assets that is optimal
over different upper bounds on the quality of different treatment effects. In particular,
researcher might want to find the weights that is a “middle ground” between variance
minimization (B = 0) and a large B. To avoid computing the weights that are optimal for
a specific value of B, I consider a recent adaptive framework by Armstrong et al. (2024).

44.1 Definitions

I briefly review the relevant definitions of the methodology proposed by Armstrong et al.
(2024). For a given w € Wcyx and B € B, the adaptive regret is defined as the following

ratio
Rmax(B/ w) - Rmax(B/ 'w)

R*(B) N Rmax(B/w*(B)),

A(B,w) = (24)

where the maximum risk Rmax(B, w) and the minimax risk R*(B) have been defined in
(20) and (21) respectively. For a given w € Weyx, the adaptive regret can be interpreted
as how much worse w performs relative to an oracle that knows the optimal weight is
w*(B). In particular, 100[A(B, w) — 1]% equals the percentage increase in the worst-case
MSE.

They define
Amax(B, w) = sup A(B, w)
BeB
as the worst-case adaptive regret, and
A*(B) = inf sup A(B,w). (25)
wEWevx Be 3
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An estimator w4 is optimally adaptive if

A*(B) - Amax(B/ wA)' (26)

4.4.2 Solving for the optimally adaptive weights

Solving the optimally adaptive weights using (25) directly involves two steps. First,
the inner problem finds the worst-case adaptive regret over B € B for each w € Weyx.
Second, the outer problem chooses the weight that minimizes the worst-case adaptive

regret.

In this section, I derive new properties of the adaptive regret for the setup in Section
4.1. Before proceeding, I discuss some differences between my model and Armstrong
et al. (2024). This is because the properties developed below are based on a different
setup from Armstrong et al. (2024). First, I assumed that all treatment effects Bin (15) can
be misspecified relative to 8, whereas Armstrong et al. (2024) assumes that an unbiased
estimator is available. Allowing for all components in 3 to be potentially misspecified
relative to 6 is important under the context of aggregating outcomes. For instance, in
running example 2.1, it is unlikely that the treatment effect on each asset captures the
treatment effect on wealth perfectly. Second, I focus on the linear estimator (1) where the
weights w are restricted to the convex class of weights as in (2). Armstrong et al. (2024)
does not restrict their estimators to this class, and their solution approach is different.
The motivation for my restriction is to prevent the interpretation issues on the resulting

aggregated treatment effects as explained in Section 2.3.

First, I show a useful property on the adaptive regret under the assumption that is

satisfied by the parameter space introduced in Section 4.2.

Assumption 4.9. For any B > 0, M(B, w) = B*m(w) for some function m : R1 — R where
m(w) > 0 and is convex in w € Weyx.

For instance, in Example 4.2, M(B,w) = B2||w||§* where the /,--norm is the dual
1 _
e
(2004, Chapter A.1.6)). In this case, m(w) = ||w||%* I show the other cases in Appendix
B.4. The following proposition shows a useful property on the adaptive regret.

norm for the /,-norm such that % + 1 (see, for instance, Boyd and Vandenberghe

Proposition 4.10. Let Assumptions 2.2, 4.1, and 4.9 hold. Consider the minimax and adaptive
problems defined in (21) and (24), respectively. Let B = [B, E] where B > B > 0and w € Weyy.

(a) A(B,w) has one of the following shapes:

(i) A(B,w) is monotone in B € B.
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(ii) There exists By € (B, B) such that A(B,w) is nonincreasing in B for any B € [B, By)
and nondecreasing in B for any B € [Bo, BJ.

(b) The worst-case adaptive regret is given by

Amax(B,w) = ;LelgA(B,w) = max{A(B,w), A(B,w)}.

If B = oo, then A(B,w) refers to limp o, A(B, w).

In the above, Proposition 4.10(a) shows the shape of the adaptive regret over B € B
for each w € Weyx. It implies that the supremum over B € B is achieved at the endpoints

under Assumption 4.9. This simplifies the computation of the inner problem in (25).

Suppose the parameter space is as described in Example 4.2 that restricts b using the
{p-norm with p € (1,00). Then, the optimally adaptive weight can be interpreted as a
middle ground between the regret against the variance-minimizing weight (for B = 0)
and equal weighting (for B = co in Remark 4.7).

The following proposition is another useful property on the optimally adaptive weight
wy4. It shows that at the optimum, it cannot be the case where A(B,w4) # A(B,wy)

when A (B, w) is strictly convex and continuous in w.

Proposition 4.11. Consider the same assumptions and definitions as in Proposition 4.10 with
B = B, B] and B < B. Suppose that A(B, w) and A(B,w) are strictly convex and continuous
inw € Weyx. Let wy € Weyx be the optimally adaptive estimator as defined in (26). Then,

A(B,’LUA) = A(B,wA)

The assumptions on strictly convexity and continuity of the adaptive regret over
w € Wevx are satisfied by the functions and parameter spaces discussed in the previous
subsections. Strict convexity is satisfied when B is finite. This is because R*(B) > 0 is
finite, and from the definition in (24) that A(B,w) = %(g)w)
sum of strictly convex and convex functions in w € Weyx as defined in (21). In addition,

, where Rpax(B, w) is a

R*(B) is independent of w. Therefore, strictly convexity in w € Weyx follows. The adap-
tive regret A(B, w) is also continuous in w for a finite B and compact parameter spaces
S(B). To see this, recall again that Rymax(B,w) = V(w) + M(B,w) as defined in (21).
V(w) is continuous in w. M(B,w) = maxpeg(g)(w'b)? is continuous due to the Berge

maximum theorem (see, for instance, Aliprantis and Border (2006, Theorem 17.31)).

Remark 4.12. In the case where A(B, w) is only convex in w € Wy instead of strictly

32



Figure 4: Illustration of A(0,w;) and limp_,« A(B, wy) for the two-outcome example.

2.5+

Adaptive regret

1.0

0.00 0.25 0.50 0.75 1.00
Weight on treatment effect 1 (w;,)

Adaptive regret at different B A0, w;) === lim A(B, wy)

Notes: The above shows the adaptive regret for the two-outcome example in Example 4.8. The
data generating process uses 07 = 1, 05 = 2.25, and p = 0.2. The yellow vertical line shows the
point chosen by the adaptive approach.

convex, the worst-case adaptive regret is not necessarily strictly convex in w € Weyx.
Nevertheless, strict convexity can be restored by adding a small penalty term to the
function, i.e., replace A*(]0,c0], w) by A%([0,00],w) = A*([0, 0], w) + «|lw]|3 for a small
x > 0. This is because A*([0, o], w) is convex in w and «||w||3 is strictly convex in w for
x > 0. This approach of adding a strictly convex penalty term is also used by Gafarov
(2025) for moment inequality models. |

Computing the optimally adaptive weight can be done by convex optimization. I
show the details and explain how computing the optimal weight can be written as one
optimization problem in Appendix C.2.

Example 4.8 (continued). Assume that B = [0, 00| and po» < 1. The optimally adaptive
weight on By is given by

p1[R*(0) 1 (03 — pop) — 2] +2
u1[R*(0)~1(03 — 2002 +1) — 4] + 4’

w7 (p1) (27)
where 7 € (0,1) satisfies the optimality condition given in Appendix B.5.3 and the
minimax risk R*(0) is obtained by evaluating (B.40) at B = 0. The proof of (27) is in
Appendix B.5.3. I discuss the observations and intuitions below.

For exposition purposes, I present a numerical example with ¢ = 2.25 and p = 0.2
in Figure 4. The blue curve is the adaptive regret for B = 0. It is the regret relative to

the variance-minimizing weight (see Remark 4.5). The red curve is the adaptive regret
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for B = oo. It is the regret relative to equal weighting that minimizes bias (see Remark
4.7). The optimally adaptive weight is achieved at the point where both curves intersect,
which is consistent with Proposition 4.11. This is also reflected in (27) that the optimally
adaptive weight is like a weighted average related to the Lagrange multiplier p;.

Here are some intuitions that the optimally adaptive weight is not on the boundary
in this two-outcome example. The optimally adaptive weight minimizes the higher of
the two “costs” (bias squared and variance). If the optimally adaptive weight is on the
boundary, it has to be more costly to shift the weights to allow for positive weights on
both treatment effects. Assume without loss of generality that the solution is w; = 1. But
when B = oo, the potential bias can be enormous when w; = 1 and the cost reduces when
the weights move to w; < 1. Hence, for the optimally adaptive weight to be boundary,
it has to be that moving to the interior causes a higher cost in term of variance. This
can only be true if the variance is minimized when w; = 1. But if w; = 1 minimizes
variance, one can shift a small amount of weight to the second outcome that increases
variance by a bit, but has a larger reduction in bias squared, thereby giving a smaller
adaptive regret. It follows that w; = 1 is not optimal. A similar analysis can be applied
for w; = 0. Therefore, boundary weight is not optimal in this two-outcome example
with B = [0, co]. A

4,5 Inference

This section describes how to perform valid inference based on the minimax or adaptive
procedures. When B > 0, standard Wald confidence intervals for 6 will not be valid
because the aggregated treatment effect is biased relative to 6. As a result, I construct
tixed-length confidence intervals (FLCI) that take the bias into account (Donoho, 1994;
Armstrong and Kolesér, 2018, 2021a,b).

4.51 Minimax approach
Let w*(B) be the solution to the minimax problem in (22). Then,

w*(B)'3 — 0 NN( w*(B)'b )
Var By zw (B) |\ v (B)Zw (B) )

The above holds due to the distributional assumption in (15).

A 100(1 — a)% fixed-length confidence interval centered around w*(B)'8 can be
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formed as

T= [w*(B)’Bi Ca \/w*(B)’Zw*(B)] , (29)
where the critical value ¢, € R is chosen to be the smallest value such that it controls

size, i.e., it is the smallest c, such that the following holds

max [P
beS(B)

‘ w*(B)'B — 8
V/w*(B)Zw* (B)

> ca] < a. (30)

4.5.2 Adaptive approach

Similar to the discussion in Section 4.5.1, one can construct a 100(1 — «)% confidence
interval for the adaptive weights chosen in Section 4.4 centered at the adaptive estimator.

Suppose the researcher adapts over B = [B,B]. Similar to the recommendation in
Armstrong et al. (2024), one choice is to construct FLCIs as in (29) but with w*(B)
replaced by the optimally adaptive weight and S(B) replaced with S(B) and S(B) in
order to summarize the range of critical values needed to guarantee coverage under
different assumptions.

4.5.3 Asymptotic validity

In the discussion so far, I assumed that X is known. In Appendix B.1, I show the de-
tails for the asymptotic validity of FLCI using a consistent estimator for X. The FLCI
constructs a confidence interval around 6. I provide additional procedures on inference
around w*(B)’'B in Appendix B.7. This can be another useful approach in assessing the
uncertainty of the estimated weight.

4.6 Implementation and summary

This subsection summarizes the statistical decision-theoretic procedures.

Step 1. Estimates the treatment effects 3, and asymptotic variance .

Step 2. Specify the parameter space (see Section 4.2).

Step 3. Estimate the weights using the minimax or adaptive approach.
(a) For the minimax approach, choose B > 0 and solve (22).

(b) For the adaptive approach, choose B = [B, B] and solve (25).
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Step 4. Conduct inference using FLCI (see Section 4.5). See Appendix B.7 for additional

procedures for inference.

5 Empirical applications

In this section, I illustrate the methodology proposed in this paper by revisiting two

empirical examples.

5.1 Campante and Do (2014)

In the analysis of how state capital being isolated from population affects public good
provision, Campante and Do (2014, “CD” in the following) creates a PCA index of pub-
lic good provision. CD finds that state isolation has a negative effect on public good
expenditure. But CD points out that expenditure is not related to the effectiveness of
how resources are used. Hence, they create an index of public good provision using
PCA. As introduced in Example 2.3, the index aggregates the three outcomes “smartest
state” index (an index that measures educational outcomes), the percentage with health

insurance, and the log number of hospital beds using PCA.

Figure 5 presents the regression results on each standardized outcome and the corre-
sponding PCA weights. The regressions control for log area, log income, log population,
etc. The outcome of the log number of hospital beds received a negative weight. The
figure reports the 90% confidence interval that treats the weights as “fixed” as originally
implemented without accounting for the statistical uncertainty due to the estimated PCA

weights.

Next, I study the effect with my decision-theoretic approach. The results are pre-
sented in Figure 6. Panel (a) of the figure shows the results from the minimax approach,
and panel (b) shows the results from the adaptive approach. As discussed in Section 4.3,
B = 0 corresponds to the variance-minimizing weight. Setting large values of B leads to

the weights converge to having equal weights.

The aggregated treatment effects obtained from the minimax or adaptive approach in
Figure 6 show that the effect is positive and close to 0. The effect is also not significant at
the 10% level. This is at contrast with the treatment effect on the PCA index in Figure 5
that gives a negative effect. The difference in the sign and significance of the aggregated
treatment effect is related to the decision-theoretic approach that requires the weights to

be nonnegative. The PCA approach puts a negative weight on the outcome “log number
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Figure 5: Teatment effects and PCA weights for the CD application.

Treatment effects PCA weights on the outcomes
x Percentage of population
[3) t L - ® [
° with health insurance
<
g .
8  'Smartest State' index - L °
3
e) .
@ Log number of hospital o °
k) beds per capita
3
3
3] PCA index - L]
-50 -25 00 25 50 -0.25 0.00 0.25 0.50
Value

Notes: Panel (a) shows the treatment effects on the individual outcomes and the PCA index, as
well as the 90% confidence intervals. Panel (b) shows the PCA weights on each outcome.

Figure 6: Results for the statistical decision approach (without shape restrictions) for the
CD application.

(a) Minimax (b) Adaptive
3
% 4 - 4 -
IS
Q
S
IS
£ 01 0- .
e
o
@
(o)
()
5 —4- 41
(@]
<

0.0 25 5.0 7.5 10.0

B

Notes: In panel (a), the solid line shows the treatment effect using the minimax approach for
different values of B, and the dashed lines show the 90% FLCI. In panel (b), the dot represents
the treatment effect when adapting over [0,10], and the bar represents the 90% FLCL

of hospital beds per capita,” which has a positive treatment effect.

Since one might expect state isolation has a negative impact on public goods, the
effect of state isolation on the log number of hospital beds per capita might be biased,

so that there is a positive effect. To investigate what assumptions could support the
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Figure 7: Results for the statistical decision approach (with shape restrictions) for the
CD application.

(a) Minimax (b) Adaptive
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Notes: Each color corresponds to a specific value of x on the shape constraint. See the notes under
Figure 6 for the meaning of the lines.

authors’ finding that there is a negative effect of capital isolation on the PCA index of
public good provision, I consider imposing shape restrictions that constrain the relative
importance of the outcomes. Let b = (by, by, b3) € R be as defined in (16), where by is the
component on the outcome “log number of hospital beds per capita.” Then, I explore
whether a negative impact can be found by making the treatment effect on hospital
beds “less important.” More specifically, I impose a shape restriction as x|b;| < |bj|
for j € {2,3} where « can be interpreted as varying the relative importance of hospital
beds against the two other outcomes. A larger value of ¥ means the treatment effect on
hospital beds is less important than the treatment effect on other outcomes.

Figure 7 reports the results with shape restrictions under different values of x. As
k increases, the emphasis on the number of hospital beds in the treatment effect of the
aggregated outcome reduces. The figure suggests that to support the claim that there is
a negative impact of state isolation on public good provision, one has to allow for B > 0
and put less emphasis on the number of hospital beds. Despite a negative effect can be
found when B is large for x = 3, they are not significant at the 10% level.

5.2 Bruhn et al. (2018)

Bruhn et al. (2018, “BKS” in the following) studies the impact of management consult-

ing services on small and medium enterprises. To understand whether firm growth is
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Figure 8: Treatment effects and PCA weights for the BKS application.

Treatment effects PCA weights on the outcomes
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Standardized outcome/index
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way | wanted to | try again

b. | revise my goals periodically - L °

a. | have professional goals - L °

025 000 025 05000 0.2 0.4
Value

Notes: See notes under Figure 5.

affected by managerial skills, BKS ran a randomized controlled trial in Mexico with 432
small and medium enterprises. 150 out of the 432 enterprises were randomly chosen
to receive subsidized consulting services that lasted for one year. The consultants were
asked to examine the problems that prevented firm growth, to suggest solutions, and to
help implement them. BKS studies how such consulting programs affect the enterprises’

productivity, return on assets, and “entrepreneurial spirit.”

Entrepreneurial spirit is an index that aggregates outcomes on entrepreneurial atti-
tudes, confidence, and goal setting. BKS constructs entrepreneurial spirit indices using
two sets of outcomes as shown below.

Set 1. This includes all eight variables shown in Figure 8.

Set 2. This excludes “I can’t motivate my business partners” and “everything I need for

success lies in myself.”

39



Figure 9: Results for the statistical decision approach (without shape restrictions) for the
BKS application.
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BKS also considers Set 2 in addition to Set 1 because they are concerned that improve-
ment in some outcomes are due to improvement in business instead of the consulting
program. They pointed out that the two outcomes excluded in Set 2 are particularly
subject to this interpretation. Thus, they examine the impact of the consulting program
on the entrepreneurial index defined via these two sets of outcomes. For each set of
outcomes, they construct one index via PCA and another index using SA. I focus on the
regression specification without controlling for baseline outcomes because BKS found
a significant effect using the PCA index but not for the SA index at the 10% level in
this specification. Figure 8 shows the treatment effects on standardized outcomes, PCA
index, and SA index, as well as the PCA weights. The regressions control for strata
dummies and re-randomization variables (such as the principal decision maker’s years
of schooling, business age, and whether the principal decision maker is male). It also
shows the 90% confidence intervals as in the original analysis. See the appendix on how

to adjust for the standard errors.

First, I apply my decision-theoretic approach on Set 1 of the outcomes. Figure 9
summarizes the results for the minimax and adaptive approach. Panel (a) of Figure 9
shows the treatment effects using the minimax optimal weights for B € [0,10]. I am able
to find a positive effect of the consulting program on entrepreneurial spirit. However,

the results are not significant at the 10% level.

Next, I examine what can be learned from data if there is a concern that some out-
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Figure 10: Results for the statistical decision approach (with shape restrictions) for the

BKS application.
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comes are not directly affected by the consulting program. BKS reran the analysis by
considering Set 2 of the outcomes that dropped two outcomes. Instead of dropping
them, I study the effect by imposing shape restrictions as in Example 4.3, where I make
the two outcomes less important. The relative importance is controlled by the parameter
x > 0. The results are summarized in Figure 10. I can still find a positive effect, but they
are not significant at the 10% level.

6 Conclusion

Researchers often observe multiple related outcomes that are related to an underlying
abstract concept, such as crime and wealth. The outcomes are often aggregated into
an index in order to evaluate the treatment effect on these abstract concepts. In this
paper, I first studied the properties and issues of the three most popular approaches,
namely PCA, SA, and IVM. I show that PCA has several unattractive properties. PCA
can have negative weights, does not necessarily maximize precision, is sensitive to ar-
bitrary choices of normalization, and can lead to non-standard limiting distributions.
IVM does not suffer from the last two issues, but also has the negative weighting prob-
lem. Although PCA and IVM use the correlation information in computing the weights,
they do not use the variance matrix of the treatment effects. SA does not have negative

weights, but it does not use the correlation structure of the outcomes.
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I proposed a statistical decision-theoretic approach to aggregate outcomes that min-
imizes the mean-squared error of the aggregated treatment effect while ensuring inter-
pretable weights. The weights can be computed by the minimax or the adaptive regret
criterion. The adaptive regret criterion has the advantage that it does not require the
researcher to commit to a specific level of misspecification. I show that convex opti-
mization can be used to compute the weights. I illustrated my approach through two
empirical applications.
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Appendix

A Appendix for Section 3

In the appendix, I assume that {(D;, X/, Y/)}"; are i.i.d. across i.

A.1 Additional results for the examples on substitutes
A.1.1 Details for Example 3.4

Consider the setup and the optimal solution (7) in Example 3.4 and recall that (V}, D;, A;)

are assumed to be mutually independent.

To compute the correlation terms, note that

E[Y}Y5] = —E[A;(1 — A))Income(D;)?] = —E[A,(1 - A;)|E[Income;(D;)?],

p2 p2
E[Y7] = E[A;Income;(D;)] = E[A;]E[Income;(D;)],
E[Y5,) = “E[(1 - A;)Income;(D;)] = —E[(1 — A;)]E[Income;(D;)],

P2 2

because A; I D; by assumption.

Write 4 = E[A;], 0] = Var[A;] = E[A?] — E[A;]%, u; = E[Income;(D;)], and 07 =
Var[Income;(D;)] = E[Income;(D;)?] — E[Income;(D;)]?>. Hence, the covariance between

Y7, and Y7, can be computed as

1
o Ha(l = pa)ot — oA (uf +oh)|.

Cov[Y}y, Yio] =
It follows that Cov[Y}}, Y7,] < 0 if and only if
na(l=pua)oi < oa(ui + 7).
Now, I return to the numerical specification in Example 3.4 where p, = 2, P[A; =
0.2] = P[A; = 0.8] = 0.5, P[D; = 0] = P[D; = 1] = 0.5, Income;(D;) = 10 +5D; +V;,
where V; ~ Uniform[0,5] and (V}, D;, A;) are mutually independent. Hence,

E[A;] = 0.5,
Var[A;] = E[A?] — E[A;]* = 0.5(0.8% 4 0.2%) — 0.5* = 0.09,
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E[Income;(D;)] = 15,
25

Var|[Income;(D;)]| = 3

As a result,
na(l—pp)o? =05(1—-05)=

and
oA (i +o7) = 21.

Hence, Cov[Y/y, Y75] = 12;2 2l — _9.4583. To compute the correlation, note that
Var[Y/]] = Var[A;Income;(D;)]
— E[A?]E[Income;(D;)?] — {IE[A;]E[Income;(D;)]}>
2
= 0.5(0.8% +0.2%) (152 + 35) — (7.5)?
277
127

and

! Var[(1 — A;)Income;(D;)]

Var[Y/5] = P%
_ E[(1—4 i)2E[Income;(D;)2] — {E[(1 — A;)]E[Income;(D;)]}*
P3
_ E[A}]E[Income;(D;)*] — {IE[ A;|E[Income;(D;)]}?
ps
277
=5

Therefore, Corr[Y7), Y/5,] ~ —0.82.

A.1.2 Additional example with perfect substitutes

Consider a stylized two-good example below where Y;; and Y;, represent two assets
(e.g., cows and sheep). Suppose the agents view them as perfect substitutes (see, e.g.,

Chapter 5 of Varian (2014)). More precisely, consider the following consumer optimiza-
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tion problem

(Yi1,Yi) = argmax y; + Ay
Vi (A1)
st. y1+ pay2 < Income;(D;),

where the price of good 1 is normalized to 1, p; is the price of good 2, Income;(D;) > 0
is an income specific to individual i that is affected by D; € {0,1}, and A; is the utility
parameter for individual i that follows a truncated normal distribution with mean p,
variance 1, and bounded in [A, A]. Assume that A; is independent of Income;(D;) and
that 0 < A < pp < A.

The optimal solution to (A.1) is given by

Income; (D;) A
(0 emeio) Lo
(Yip, Yio) = {(t,m;#) : t € [0,Income;(D;)]} % =1, (A.2)
(Income;(D;),0) % <1

Using the optimal consumption bundle (A.2), I have

E[Y;1] = E[Yi1|A; > p2]P[A; > po] + E[Y;1|A; = p2|P[A; = po]
+ E[Y;1|Ai < p2]P[A; < pa]
= E[Income;(D;)]P[A; < p?]
where the first equality follows from the law of total probability, the second equality
follows from IP[A; = py] = 0 and Yj; = 0 for A; > py, and the last equality follows

from the independence of A; and Income;(D;). The term P[A; < p;] has a closed-form
expression as by the properties of truncated normal distribution.

Similarly,

E[Y;5] = E[Yi2|A; > p2]P[A; > pa] + E[Y;2|A; = p2]P[A; = p2]
+ E[Yi2|Ai < p2] P[A; < p2]

1
- p—]E[Incomei(Di)]]P[Ai > pa).
2
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I also have

E[Yi1Yi2]l = E[Yi1Yi2|Ai > p2]P[A; > po] + E[Yi1Yi2|Ai = p2] P[A; = p2]
+E[Y;1Yi

A < pz]lP[Ai < pz]
p— 0,

where the equality follows because Y;1Y;, = 0 for A; # p, and P[A; = py] = 0.

Combining the above results, the covariance of the pair of goods is

Cov[Yi1,Yio]l = E[Y;1Yiz] — E[Y;1]E[Y;,]
1
= —E]E[Incomei(Di)]zlP[Ai < p2|P[A; > po]
<0, (A3)

where the inequality follows because A < p < A and Income;(D;) > 0.

It follows that the two outcomes are negatively correlated with each other. Thus, the
PCA approach is going to put weights with opposite signs on the two outcomes. This
PCA index is again counterintuitive as in Section A.1.1.

A.2 Proofs for propositions in the main text

To begin with, I impose the following high-level assumption in the large-sample anal-
ysis. It requires the treatment effects and variance estimators to be consistent and that
a suitable central limit theorem applies to characterize the limiting distribution. As As-
sumption 2.2 is imposed, 3, is estimated using the standardized outcome and X is the
corresponding asymptotic variance matrix of the treatment effects using the standard-
ized outcomes. To allow for possibly general choices of the matrix used to compute the
PC1, I use Q) and ﬁn below. In the case that the correlation matrix of Y; is used, QQ is Ly

and 0, is the corresponding consistent estimator.
Assumption A.1.

(a) B, and O, are consistent estimators for B and Q) respectively.

W) i BB \ a ( Zs \ _f( L ¥os))
vech[Q), — Q] Zvech[Q} 0y ' Yas Yo

In the above, ¢/ = M is the number of entries in the lower triangular portion of the

symmetric variance matrix (). vech(-) is the half-vectorization notation that stacks the
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columns of the lower triangular portion of the matrix into one vector of length ¢. For

example, vech([(3 32)] = (x1,x2, x3)".

In light of the above assumption, in the following, I show a slightly more general
result to Proposition 3.6, where PCA uses Q) instead of Zy. I use {(v;, A]-)}?Zl in Section
3.1.1 be the eigenpairs of () instead and that Assumption 3.1 is applied to ) instead of
Ty.

The proof proceeds as follows. Let I € R7 such that ¢ # I and l'wpca > 0. Let 1,1 =

I . ~ . 1~
ArgMaX,, iap—1 t/ap>0 W O, w be an estimator of Wpca and ¢, = sign(c U,1). Hence,

Wpca,n = Gnlp 1. First, by a similar reasoning as in Proposition A.19, I have

\/E(a;l,lgn - w}I)ca,nﬁ) = \/E(l/);,lan - ’//\n,lﬁ + ’//\n,lﬁ - 'wl,pca,n/B)

= A&,l[\/ﬁ(B\n - ﬁ)] + ﬁ/[\/E('/)n,l - wpca,n)]
d / / Zp
- (pra & B’/) (Zvech[ﬂ])
= Z.. (A.4)

Next, note that

{Gn=1} = {Clﬁn,l >0}
= {\/E(c/’//\n,l - C/'wpca,n) > _\/Ecl'wpca,n}
= {\/Ecl(’//\n,l - wpca,n) > _5} (A.5)

where the first line uses the definition of ¢,;, the second line subtracts /nc’ Wpca,n ON
both sides, and the third line uses the assumption on ¢ Wpca,n- Using the notations of
Assumption A.1 and (A.4), I have

\/E (’7111,1/@” - w{)ca,nﬂ) _ (’//\;,1,1 B:) ( ﬁ(ﬁn - /6) )

CI(’//\n,l - 'wpca,n) O[’] C \/ﬁ(ﬁn,l - wpca,n)

! !
i> (wp/ca ﬁ/) < Zp > . (A.6)
Oq c Bllzvech[()]

Next, write

\/E(:En - Tn) = \/E(@pca,nén - 'wé)ca,nﬁ)
= \/E(é\n’/);z,llan - wllnca,nﬁ)
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= \/E(Cﬂ’/);z,lgn - é\nw;ca,nﬁ + é\ﬂw{:)ca,nﬁ - w}gca,nﬁ)
é\”ﬁ(’/)}/q,lén - wéca,nﬁ) + (é\ﬂ - 1)\/E(w}/nca,nﬂ)f (A7)

where the first line uses the definition of 7,, and 1, the second line uses the definition of
Wpca,n in the beginning of the proof, and the third line adds and subtracts.

Hence, for any t € RR,

=
B
Al
|
g
A
Ml

+ P[—v/1(Dy,18n — Wpea nB) < t 4 2¢/1(wWpea nB),Gn = —1]. (A.8)

Let C = [tp, tu] be the interval as defined in the statement of the proposition.
Since wye, B # 0 by the hypothesis of the proposition, 2/n(wpe,,3) diverges to oo
if W B > 0and to —co if wye, ,68 < 0. By (A4), \/ﬁ(’//\;,lan — Wpea xB) is tight. In
addition, {¢, = —1} = {\/nc' (Uy,1 — Wpcan) < —J} by (A.5). The above facts and with
(A.6), I have

Km P[—/1(D), 181 — Wpea wB) — 2V/1(Wpea uB) € C,Cn = —1] = 0. (A.9)

n—o0

Using (A.8) and (A.9), I have

lim P[v/n(Ty — ) € C] = lim P[Vn(2},181 — wpeauB) € C,n = 1]

n—oo n—oo
< i Cn =
< nlglgonj[gn 1]
= Ji_r)r;oﬂj[\/ﬁc'(ﬁnll — Wpcan) > —0]
= P[¢' By Zyecnja] > —9), (A.10)

where the first line follows from (A.8) and (A.9), the third line follows from (A.5), and
the fourth line follows from (A.6). The result of the proposition follows from taking the

limit as 6 | 0 and that ¢/ By, Zeqpq is normal.

Proof of Proposition 3.9. The problem is a strictly convex problem because Z is positive

definite and the constraint is affine. Let the Lagrangian of the optimization problem be

L=wZw+pul—wl,).
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The first-order condition with respect to w is 2Zw — pu1, = 0. Solving,

1 =1
w = Ey): 1. (A.11)

Substituting this to the constraint gives %ylgf_llq = 1. This means y = 1/;, T This
q q

is well-defined because L is positive definite, so 1;2_11‘7 > (. Substituting this back to

(A.11) gives

1
1,

_—_1. (A.12)
UZ 1,

w =

When I is an equicorrelation matrix, it can be written as Z = (1 —p)I,; + ;_)Lilf7 for
some p € (0,1). Then,

—1 1 +-—1 q
X 1y =——7———1 and v 1, = ——"~F——.
T 1+@-1p O 14+ (g-1)p
Substituting the above into (A.12) gives %1q as the optimal solution. O

A.3 Supplemental results and proofs
A.3.1 Supplemental results on the linear model

Lemma A.2. Suppose the researcher observes {(D;, X!, Y!)}1_,, where D; € R, X; € R%,
Y, = (Yiq,..., Yi,]-) € RY, and the intercept is contained in X;. Consider the following estima-
tors and linear models.

(a) For each outcome j =1,...,q, consider the linear model
Y = BiDi + ¢ Xi + Uy, (A.13)

where [Sj € R, Cj € R%, Ui,]- e R, andi=1,...,n. Let Bn = (Enll,...,ﬁn,q)’ e R7
where Bn,j is the estimator of B in (A.13).

(b) Let w, € IRY be a vector of weights that is potentially data-dependent and consider the
linear model

w,Y; = tD; + ¢ X; + U, (A.14)

where T € R, ¢ € R%, and U; € R fori =1,...,n. Let T, be the estimator of T in

55



(A.14).
Write D = (Dy,...,Dy), X = (X1,...,Xn), P = X(X'X)'X' and M = I,, — P

where I, is the identity matrix. Assume D' M D is invertible. Then, T, = 'w;l,/B\n.

Proof of Lemma A.2. Write Y; = (Y,...,Y) forj=1,...,q,and Y = (V3,...,Y;)".
Then, from (A.13) and the Frisch-Waugh-Lovell (FWL) theorem, I have

B.;= (D'MD) Y (D'MY)), (A.15)
forj=1,...,n.
Next, for (A.14), I have
Ty = (D'MD) ' [D'M(Yw,)] = w5, (A.16)
using (A.15). Hence, the result follows. O]

The following lemma discusses the implications of Remark 2.6. In the case of stan-
dardizing w, Y}, it means setting a,, as the sample mean of w,Y; and b, as the sample
standard deviation of w),Y;. In the case of rescaling w,Y; to [0,1], it means setting

Ap = MiNnj—q,_ w,Y; and b, = maXij=1,...n w, Y},

Lemma A.3. Consider the same assumptions and notations as in Lemma A.2. Let a,, b, € R
be potentially data-dependent parameters. Define Z; = %{”’1 fori=1,...,n where b, # 0.
Consider the model

Zi=twDi+{X;+V, (A17)

where T, € R, ¢, € R%, and V; € R. Let Ton = Z—;’.

Proof of Lemma A.3. Using the definition of Z;, define Z = (Zy,...,7Z,)" = %(w;Yl -
Apyeeyen, WYy —ay) = %(f’wn —ay1y,). Using the FWL theorem on (A.17), I have

Zn = (D'MD) Y (D'M2Z)
— bl(D’MD)—l(D’Mwan) - Z—”(D’MD)_l(D’Mln)
n n
_1s
- bn nrs

by Lemma A.2. O
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Note that whenever the post-processing step is such that b, # 1, then even if ,/B\n,]- =B
forj=1,...,nand w’lq =1, T,» will not be equal to E

A.3.2 Supplemental results on eigenvectors

Lemma A.4. Let Assumption 3.1 hold. Suppose that c'vy # 0. Let wpca be the optimal solution
to the problem (4). Then, wpca = sign(c'vy)vy.

Proof of Lemma A.4. For notational simplicity, denote v = sign(c'vy)vy. Assume to the
contrary that wpca # 1. First, I verify that vy is an optimal solution to (4). Note that
vy = sign(c'vy)c'vy; > 0 by definition and vjp; = vjr; = 1 since v; has unit length.
Hence, v; is a feasible solution to (4). On the other hand,

ULy = sign(c'v)) 2V Eyvy = Vi Eyp = Ay,

because (v1, A1) is an eigenpair of Xy. Hence, v is an optimal solution to (4).

Since the leading eigenvalue is unique from Assumption 3.1, it follows that wpca and
vy are parallel to each other. If wpea # 27, it can only be that wpca = —2 since both
vectors have unit length. But this implies

wpea = —c'7 = —sign(c'vy) vy <0,

where the inequality follows because sign(c'vy)c’v; > 0 and ¢/vy # 0 by the hypothesis.
But this contradicts that wpc, solves (4) because it satisfies ¢/wpea > 0. This completes
the proof. O

A.4 Precision analysis with standardized outcomes

This section studies how standardizing outcomes using the sample standard deviation
affects the limiting distribution. Under Assumption 2.2, Y; represents the standardized
and oriented outcome. The following vectorized representation that stacks (8) over j =
1,...,q will be helpful in latter analysis:

Y, =£+8D; + U (A.18)

where ,8 = (’31, e ,ﬁq)l, € = (51, ce ,Cq)/, and Ui = (Uill, ey Ui,q)’.
Let 171-4 be the jth outcome before standardization for j = 1, ..., 4. To keep the analysis

general, I will allow for a general choice of how the outcomes are standardized, and
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assume they are divided by s, ; for j = 1,...,4. In the following, s, ; can be the sample
standard deviation of outcome j using the full sample, control sample, or other choices.
Hence,

Y;j =5, 11/ (A.19)

Let Bn be the treatment effect of D; on Y; and ,én be the treatment effect of D; on Y;
(potentially using additional covariates). By Lemma A.2, it means that

By = diag[gn]_lgn and 3 = diag[s] '3, (A.20)

where s = (s1,...,57)".

To study the large-sample properties, I consider the following assumptions. The as-
sumptions are standard in that it requires that each outcome’s standard deviation (suit-
ably defined depending on Assumption 2.2 and the method, e.g., on the full sample or
using the control sample) is positive, the Bn and s,, are consistent, and that a suitable

central limit theorem can be applied.
Assumption A.5.

1. sj>0foreachj=1,...,4.

2. Bn i>§and§n LA

3. Suppose that

gn—ﬁ N EZ A 04 T3 Y;ﬁ
e RV R (A

Under Assumption A.5, T have 3, LA by the continuous mapping theorem and
using (A.20).

For the limiting distribution of Bn, I have

~

Vii(By — B) = vn(diag[5,] B, — diag[s]'B)
= diag[gn]—lff — B) + v/n(diag[s,] ! - diag[s] )3
= diag[8,) 'V/n(B, — B) + diag[s,] " diag[s] ! diag[B] V(s — 8,)
LN diag[s]_lZE — diag[s] % diag[3] Z
= diag[s] ' Z5 — HZ,
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~ N(0,, T (A.21)

B)
where the third line used

(EZ} - Sf DB
<diag[§n]_1 - diag[s]_1> B =

Ahl

nq

q
51— Snl
55,151
L/ an
ansq

§ ) 51 —Su1
= diag : : ,
Sn,q5q

the fourth line used Slutsky’s theorem, the fifth line defined H = diag[s] 2 diag[@3], and
the last line defined

L5 = diag[s] ¥z diag[s] ' — diag[s] ¥/, sH —HY ; diag[s] ' + HY,H'. (A.22)

A.4.1 Precision analysis for PCA

To begin with, the analog of (A.18) using the nonstandardized outcomes Y; can be writ-

ten as
Y; = £+ 6D; + U, (A.23)

where 3 = (ﬁl,...,ﬁq)’, £ = (51,...,5,1)’, and U; = (ljlill,...,ljlilq)’. I show the analysis
on the above model in Appendix A.4.4 after presenting the main results.

Using the linear model (A.23) above and Assumption A.8, I have

Var[Y;] = 88'pp(1 — pp) + Var[U}]. (A.24)

Suppose that s = 1, and 8= 0,. Then, (A.22) becomes

=Y (A.25)



Using the limiting distribution derived in Section A.4.4 without standardizing the out-

comes, I have N N
__ Var[DiU}] n Var|(1 — D;)U;j]

A rh (1—pp)?

Define £, = Var[U;|D; = 1] and Lo = Var[U;|D; = 0]. Using D; is binary, I have

(A.26)

Var[D;Uj] = E[D;UU{] — E[DUED:iU)|" = E[DUU/] = ppZy ,,

and

Var[(l — Di)ﬁi] = E[(l — Di)zﬁiﬁ;] — OqOZI = ]E[(l — Di)ﬁiﬁ{] = (1 — pD)le,O'

1

Under homoskedasticity so that £5, = L5, = L, [ have

1 va, (A.27)

where the first line uses (A.25), the second line uses the homoskedastic assumption, the
fourth line uses (A.24), and the last line uses s is the standard deviations of Y}, so it
is the same as correlation matrix. This shows that PCA is even trying to maximize the
asymptotic variance of B instead of minimizing it because X 5is proportional to Var|Y;].

The assumptions that 3 = 0;, s = 1,, and homoskedasticity are used to simplify
the analysis. Without such analysis, one has to consider the other covariance terms in
Assumption A.5. But the asymptotic variance (A.22) can be used to analyze the variance.

Next, I consider the heteroskedastic case. Here, (A.24) can be written as

Ly = BB'po(1—pp) + Lz = BB'po(1—pp) + ppEg, + (1= pp)Egy  (A28)
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Y~

u,.
=55 SO that (A.27) becomes

On the other hand, (A.26) becomes % +

e e
Ly=Y5=—"+ —2 (A.29)
pp  1—pp

under 3 = 0, and s = 1.

Combining the above, I have
pp(1—pp)E5—Zy = (1 - 2pp)Zg, — (1-2pp)Zg, — BA'pp (1~ pp).
If3 = 0,4, then
pp(1— pD)w'Zaw —w'EZyw = (1 - 2pD)('w/Zﬁ,1w — w'Zﬁ’Ow). (A.30)
The difference between w’X% W and w'Zyw now depends on pp, Zfl,l and ZCI,O'

A.4.2 Precision analysis for IVM

The analysis in subsection A.4.1 can be used to analyze the IVM weights, although the
interpretations of the variables are different. This is because Anderson (2008) standard-
izes the outcomes using the control group’s standard deviations. Therefore, s represents
the standard deviation of the outcomes using the control sample and s, is the estimator

of s. The terms in (A.19) and (A.20) in this subsection are under this interpretation.

Under homoskedasticity, s = 1,4, and ﬁ = 04, the analysis in (A.27) can be applied. It
provides a way to justify that minimizing w'Xyw and w'Z 3w lead to the same solution

over w € Weyx.

Under heteroskedasticity, s = 1,, and B = 0,4, the analysis in (A.30) can be applied.
Since the RHS of (A.30) depends on w, minimizing w'Eyw and w’ Z‘.Bfw can lead to
different solutions. Nevertheless, when pp = %, both can still lead to the same solution.

In the following, I compare the IVM weights with the weights that maximize preci-
sion.

Proposition A.6. Let Assumption A.5 hold and X 5 0s defined in (A.22). Write wiym as in (12)
and wy, = argmin, ), w'E pw. Assume that Xy and X5 are positive definite matrices. Then,
Wiym = Wy, if and only ifZ;llq = KZélquOT’ some K # 0.

Proof of Proposition A.6. wiym has been given in (11). By a similar computation, wy, =

61



-1
q .
—B —  If wiym = wp, it means that

15,
Iy —1
T e i B
Y “9 — 1/ 2—11 B q
=g 1
1z, . . . .
The scalar - o s well-defined and nonzero because Ly and L are positive definite.
=g 1

On the other hand, if &, 11q = KZéllq for some « # 0, then

-1 ) | r-11
-1 -1
1LE ', Kllqzﬁ 1, 11X

Wivm . = Wp.

qu

Hence, the proof is complete. O

A.4.3 Precision analysis for SA

The following proposition characterizes when SA maximizes precision. For the same
reason as in Section 3.3.1, I consider w € Wio.

Proposition A.7. Consider the same notations and assumptions as in Proposition A.6. Write
Wsa as in Section 3.3. and wy, = argmin,, ., w’ZBw. Assume that Lg is a positive definite
matrix. Then, wsa = wy, if and only if 1, = K)Zéllq for some x # 0.

Proof of Proposition A.7. wy has been given in the proof of Proposition A.6. If ws, =

wy, it means that
—1
1, =qg—2——
TS e
955

The scalar ﬁ is well-defined and nonzero because L is positive definite.

q B q
On the other hand, if 1, = KZéllq for some k # 0, then

-1 -1
e —/ q e 1 — —

wsa - _].q — wb.

Hence, the proof is complete. O
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A.4.4 Precision analysis without standardization

I assume that the following hold for the linear model (A.23).
Assumption A.8.
(a) pp =P[D; =1] € (0,1).
(b) E[U;|D;] = 0,
(c) Var[U;] < oo.
(d) Var|Y;| and Var[Uj;] are symmetric positive definite matrices with bounded eigenvalues.

In the above, (a) requires D; to have variation in data. Part (b) imposes the standard
independence assumption. Part (c) ensures that Var[lN/i] is finite. Part (d) requires the

matrices to be positive definite.
Proof of equation (A.26). Consider the linear model (A.23). Note that from (A.23), the
estimator on the treatment effect for the jth outcome can be written as

= 1 & ~ o~ ~ 1 & 3 7
B = - 121 Di(¢j+ B;Di + Ui ) — "o > (1= Di)(¢ + B;Di + Uiy)
n n

~ 1 ~ 1 ~
=Bj+ " Y Dil;; — P~ Y (1—Di)U;,

i=1 0i=1
forj=1,...,q,wheren; =Y} {D;and np = Y 1(1 — D;).

I have %n =w' ﬁn by Lemma A.2. The estimator %n for T defined in Example 3.5 can

be written as
= 1 ~ 1 1 & ~
Ty = ZZU]',B]'—f—Zw]' H_Z i)ui,j
j=1 j=1

q - 1 2 "
=) wipi+ ). D 3wl —
j=1 Li=1  j=1

n
. —Y (1-D
o i=
1 A
— Y (1-Dy) Y willy;. (A.31)
Mo = j=1

Using (A.31), recentering 7, around 2?21 ijj and scaling by /1 gives

~ & - n " q n 1l & i, -
i(®- L) - fn fat, - 22t a-o o,

. -
O e A
n 1o \/Lﬁ Z?:l (]- - DZ) 27':1 w]ulf]
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:<£ _£> %ﬁgylei(w/f}i)N
m )\ (1 - D) (w'Ty)

d (1 1 0 Wy, wWu,i0
4, (pD 1”D>N<<0)’(wu,1o wuﬂ)), (A.32)

where the last line follows from the Slutsky’s theorem, the central limit theorem, As-

sumption A.8, and defined

wy 1 = Var[D;(w'U;)] = w' Var[D;U;|w,

wy o = Var[(1 — D;)(w'U;)] = w' Var[(1 — D;)Uj]w,

wu,10 = Cov[Di(w'Ty), (1 — D;) (w'T;)] =0,
where the computation of wyo used D;(1 — D;) = 0 since D; is binary and that [E [U;|D;] =
0 from Assumption A.8(c).

It follows that the asymptotic variance in (A.32) can be written as

o2 1 w1+ 1 w w'
= 5wyl +t Wy =
T (1—-pp)?

Var[D,Uj] N Var[(1 — D;)U;]] }
Pb (1=pp)?

A.5 Analysis on common aggregation methods and the t-statistic
A.5.1 Setup

This section begins by studying the t-statistic under the setup in Example 3.5. As in
Assumption 2.2 and Appendix A.4, the vector Y; represents the suitably standardized
outcomes and Y; represents the nonstandardized outcomes. The linear model for Y, is
given in (A.23) and the linear model for Y; is given in (A.18). Let én and Bn be the
estimators of £ and 3 respectively.

To analyze the t-statistic, I need to specify the linear model and the hypothesis. I
specialize the analysis to the following as in Example 3.5, where the outcome is w'Y}:

w'Y; = ¢ +1D; + U, (A.33)

where Y; = S,Y; and S,, = diag[5,]~". In addition, I write S = diag[s]~'. The above
equation is related to (A.18) by writing ¢ = w'¢, T = w'B, and U; = w'U;. In the
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discussion below, the definitions of S, and S depend on the method used (as described
by Assumption 2.2) as discussed in the main text.

Consider testing the following hypothesis
Hyp:7=0 vs. Hy:T#0. (A.34)

Let T, (w) be the sample t-statistic used to test the above hypothesis. Under the setup
in Example 3.5 with a binary treatment and homoskedastic errors, the t-statistic squared

can be written as R
R3 (w)

[Tn(w)]z =(n- 2)%,

(A.35)

where R? (w) is the sample analog of the population R-squared (Wooldridge, 2013, equa-
tion (4.41)). The t-statistic and R-squared are functions of w because the outcome in
(A.33) depends on w.

A.5.2 Comparison with PCA, SA, and IVM

The following proposition shows that the t-statistic squared is maximized by the PC1 of
Ly under a specific condition. Since (A.35) has a factor of n in the expression, I consider
the following ratio of t-statistic for a fixed wy to have a well-defined probability limit:

o) ot [T Rw) 1
rlwn) =P w1 Ro(w) (439
1-R?(wyo)

Proposition A.9. Let Assumptions 3.1, A.5, and A.8 hold. Suppose that B # 0,4 Con-

sider testing (A.34) in the linear model (A.33). Let Y (w;wy) be the ratio defined in (A.36)

for any wy € RY such that ||wgllz = 1 and R*(wy) € (0,1). Then, the PC1 of Ly solves
max Y (w;wy) if and only if it is parallel to 3.

w:f|wl2=1

R?(wp)
1—R2(wyp)
(A.36) is well-defined in the probability limit. Proposition A.9 implies that finding the

in

In the above, choosing wy such that RZ(wO) # 1 is to ensure the ratio

weights w to maximize the square of t-statistic depends on both 8 and Zy. This can
be seen from the one-to-one relationship between [T, (w)]? and R2(w) in (A.35) such
that maximizing t-statistic squared is the same as maximizing R-squared. In the binary
treatment case, R-squared is maximized if the means of w'Y; for the D; =1 and D; = 0
populations are as separate as possible. Thus, this means that 3 matters because a larger

(w’'B)? increases separation.

65



Figure A.1: A two-outcome numerical example that evaluates the R-squared of PCA.

(a) DGP 1. (b) DGP 2.
0.12
0.03-
0.09 - \
o) o)
o L 0.02-
[ [
2 0.06- =
P P
x x 0.01
0.03- '
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-1.0 -05 00 05 1.0 -1.0 -05 00 05 1.0
W1 Wi

Notes: The above plots the R-squared of the aggregated treatment effect against w;. See Example

A.10 for the data generating process. The vertical dashed lines represent the choice made by
running PCA on the outcomes in both DGPs.

Example A.10. This numerical example demonstrates Proposition A.9 and shows that

PCA can maximize or minimize the t-statistic squared (or equivalently, the R-squared).
Following the same notations in Example 3.5, consider the following DGPs:

DGP 1. Same DGP as Example 3.5, ie.,, Var[Y;;] = Var[Yj,] = 1, B1 = B2 = 05,
pp = 0.1, and Cov[Y;1, Yi,| = —0.6.

DGP 2. Same as DGP 1, except that Cov|[Y;1, Yi,| = 0.6.

Figure A.1 shows the (population) R-squared when wY;; + w,Y;, is used as the out-
come. As noted in (A.35), there is a one-to-one relationship between t-statistic squared
and R-squared. PCA chooses a different w; under the two DGPs because the lead-
ing eigenvector is determined by Cov|[Y;1,Y;,] and the two DGPs differ by the sign

of Cov[Y;1,Y;2]. The PCI is (%,%) when Cov[Y;1,Y;2] > 0 and (—\/LE,\/LE) when
COV[Yi,lei,Z] < 0.

Thus, PCA can maximize or minimize the t-statistic (or equivalently, the R-squared)
under the DGPs. A

Remark A.11. Maximizing R?(w) (or t-statistic squared in the homoskedastic case) is
related to linear discriminant analysis (LDA). LDA is a technique that classifies observa-
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tions into different groups using a linear combination of the features (see, for instance,
Hastie et al. (2009) or Mardia et al. (2024)). This is related to the context of aggregating
treatment effects when Y; is viewed as “features” and D; is viewed as “labels.” Then,
R?(w) is related to Fisher’s linear discriminant (with the caveat on the difference in the
definitions of the variance matrices in both quantities). The connection and similarity
of LDA and R?(w) highlights the importance of using D; if one wants to maximize t-
statistic (improves power). Here, running PCA on Y; is like unsupervised learning, and

maximizing t-statistic is like supervised learning. u

Studying when the IVM and SA weights maximize (A.36) can be analyzed in a manner
similar to the PCA approach. The result is summarized in the propositions as follows.
Similar to the PCA results, they show that IVM and SA do not automatically maximize
the t-statistic squared. The assumption 1%2; 18 +£ 0 is used below to assume a nonzero

denominator.

Proposition A.12. Let Assumptions A.5 and A.8 hold. Suppose that 3 # 0, and 1{72;1 B # 0.

Consider testing (A.34) in the linear model (A.33). Let Y (w;wy) be the ratio defined in (A.36)

for any wy € Wito and R*(wo) € (0,1). Then, wiym solves m)?vx T (w; wo) if and only if B
weE Westo

is parallel to 1,.

Proposition A.13. Consider the same assumptions, the testing problem, and the ratio Y (w; wy)

as in Proposition A.12. Then, ws, solves max Y (w; wy) if and only if it is parallel to )2;15.
weE Wsto

A.5.3 Proofs

Lemma A.14. Let Assumptions A.5 and A.8 hold. Consider the linear model (A.33). Let R2 (w)
be as defined in (A.35). For any w # 0,

p

R (w) L R2(w) = YADIWB)”

w'Lyw

Proof of Lemma A.14. Let y,(w) = 17  w'Y; be the average of the weighted out-
comes, TSS, (w) = Y1 (w'Y; — y,(w))? be the total sum of squares, and ESS,(w) =
Y (&4 TD; — 7, (w))? be the explained sum of squares where ¢, is the estimator of
¢. Hence, -

_ ESS, (w)

R2
Rji(w) = 55, (w)

But from the linear model, &, + T,D; = v,(w) —T.Dy + TD; =¥, (w) + Ty(D; — Dy)
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" 1(D; — Dy)?. Note that

where D), = 1

o i= 1(D - 5”)2
This gives
~ n (D.—D Y. — 7 2
Using the notations defined in theT beginning of Section A.5, I can write Y, = % YrY,
yn(w) — w/Sn(% ?:1 K) — wISnYn,
n n — — N,
TSS, (w) = Z w'S,Y; —7,(w W | (Yi-Y)(Yi-Y,)|Sw,  (A38)
i=1 i=1
(A.39)

(Di — D) (w8, 7, (w)) = w8, é(D B,)(Yi— Y.

n
i=1

and

(D; — 5,4)(}7; — }7”), and B,p =

-

N
Il
—_

Let B,y = X/ (Y, =Y (Y, —Y,), B,y =
Together with (A.37) to (A.39),

" (D;—D. )2.
' S,w
2.9 ) (A.40)

Under the glven assumptions of this lemma, I have S, —— S, 1B,p = Var[Dj]

1Bn1~, SN Var[Y;], and 1 +B.v D SN Cov[D;,Y;] = B Var[D;] by the continuous map-

ping theorem. Dividing the numerator and denominator of (A.40) by n2, I have
Var[D;](w'3)?

Var|D;]2w'S33S w
w'Xyw

i](w’S Var[Y;]Sw)

R2(w) -
) T
by (A.20), continuous mapping theorem, and by the definition of Zy O

Proposition A.15. Let Assumptions 3.1, A.5 and A.8 hold. In addition, suppose B # 0,
Consider the linear model in (A.33) and the R?(w) defined in Lemma A.14.

(a) The optimal solution to
max R*(w
wi||wl|3=1
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is given by twg, where
'

NGl

(b) wr = *v if and only if vy is parallel to B, where vy is the unit-length leading eigenvector
of Ly defined in the beginning of Section 3.1.1.

wR:

Proof of Proposition A.15(a). Write 03 = Var[D;], then by Lemma A.14:

/ /
R? = 72 M A4D
(’LU) D ’I.U/ZY’LU ( )
The above is a generalized Rayleigh quotient and is homogeneous of degree 0. Since
pp € (0,1) from Assumption A.8, it follows that 03 = pp(1 — pp) > 0. It is equivalent
to a generalized eigenvalue problem, and the optimal solution satisfies (Ghojogh et al.,
2023, Section 4.3):

Z,1(88)w = Aw, (A.43)

because Xy is invertible and that 3 # 0, as assumed in the proposition. This amounts
to finding the leading eigenvector of the matrix £, '(88").

Now returning to (A.43), suppose that A # 0. This means w is parallel to Z;lﬁ
because B'w is a scalar. Let w = tZ‘.;lB for some nonzero t € IR. Since w is restricted
to have unit length, this means ?8'E,%3 = ||w||3 = 1. Thus, t = :t(,@’Z;ZB)’%. Note
that t # 0 because 3’ Z;zﬁ = ||Z;1B |5 and by positive definiteness of Zy, Z;lﬁ # 0,.
This means 8'Zy 23 > 0. Recall that the generalized Rayleigh quotient is homogeneous

'8
VBE?S

Since w is assumed to have unit length, multiplying w’ on both sides of (A.43) gives

of degree 0. Therefore, w* = +

A= w'[Z;l(Bﬂ')]w.

Evaluating the above at w = w* gives the corresponding eigenvalue A* = 3'Ly 18. Note
that A* > 0 because 3 is a nonzero vector by the hypothesis of this proposition and Zy
is positive definite by Assumptions A.5 and A.8(d). Therefore, the eigenvalue associated
with the eigenvector w* is positive.

Note that X, 1(Bﬁ’ ) has rank 1. This follows by first noting that Xy is a full rank
matrix by Assumptions A.5 and A.8(d) and B3’ has rank 1. The rank of Z;l(ﬁﬁ’ ) is
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bounded above by the following inequality (Meyer, 2023, Chapter 4):
rank[Z, ' (88')] < min{rank[E, '], rank[33']} = 1. (A.44)

Since B # 04 is assumed in the proposition, '8 # 0, because X, ! has full rank.
Therefore, T, 1(83') cannot be a zero matrix and hence, it cannot have rank 0. It follows
that rank[Z, ' (88')] = 1 by (A.44), so it can have at most one positive eigenvalue. But a

positive eigenvalue has been found above, so A* is the largest eigenvalue.

]

Proof of Proposition A.15(b). First, assume that wr = £v;. Using Proposition A.15(a),
I have B8 = +4/3' Z;zﬁ):yul. This holds because 3’ Z;zﬁ > 0 as discussed in the proof
of Proposition A.15(a) and Zy is a full rank matrix by Assumptions A.5 and A.8(d). But
Lyr; = Mg because (A1, vq) is an eigenpair of Xy (using the notations defined in the
beginning of Section 3.1.1). It follows that

B = +\/B'Ly2BEyr = £/ B'E2Br,

which means 3 is parallel to v because A4/ 3’ Z;zﬁ is a scalar.

Conversely, assume that 3 is parallel to v;. This means 3 = tv; for some t € R\{0}.
Using Proposition A.15(a),

In the above, the second equality follows from 3 = tvy. The third equality uses that
(v1, A1) is an eigenpair of Zy so (v1,A; ") is also an eigenpair of £;! because Ly is pos-



itive definite by Assumptions A.5 and A.8(d), so it is invertible and A1 > 0. The fourth
equality uses v is a unit-length eigenvector as assumed in the beginning of Section
3.1.1. O

Proposition A.16. Let Assumptions 3.1, A.5 and A.8 hold. Consider the linear model in (A.33)
and the problem of testing (A.34) using (A.35). For any wy € RY such that ||wpll, = 1 and
R?(wy) # 1, the solution to the following problem

= 2
max plim [In(—w)]
w:l|w]2=1 >0 [Tn(wo)]z

is given by twg.

Proof of Proposition A.16. To begin with, note that R2 (w) is the sample analog of R?(w).
For any w € RY such that ||w||3 = 1, R3(w) 25 R?(w) holds by Lemma A.14. Next, for
any w, wy € R7 such that ||wl|z = ||Jwo|]2 = 1, [ have

. R? (w) R2(w)

[Tn (w)]z — 1_1/{\%('“’) N 1-R?(w) (A 45)
Ty 2 Rj(wy)  _R(wy) ’ '
[Tn(wo)] 1-1?%(270) 1—R2(wy)

by Lemma A.14, the continuous mapping theorem and the definition of [T}, (w)]? in
(A.35).

Fixing wy as in the statement of the proposition, the probability limit in (A.45) is an

1—x

increasing function in R?(w) for R*(w) € [0,1). This follows because == = (1fx)2 >0

for any x # 1. Hence, the probability limit of (A.45) is maximized when R?*(w) is
maximized. This optimal weight w is given by w* from Proposition A.15(a). O

Proof of Proposition A.9. The result follows from Propositions A.15 and A.16. O

Proof of Proposition A.12. Following the proof to Proposition A.15(a), the optimal w

that maximizes R?(w) is parallel to ;' 3. Since R?(w) is homogeneous of degree 0, the
-1

optimal solution is wy = fgf 3 by the given assumptions of the proposition.
9=y

Suppose 3 is parallel to 1,, i.e., 3 = t1; for some t € R\{0}. Thus,

1
try 1g _

1z, 11,

ivm-
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Next, suppose w; = Wjym. This means

-1 1
Ly _ Iyl

1 1,
1z uE,

1
11 ::: 15 14, because Ly is invertible and 1; 1Sy 1340, ie., Bis parallel

to 1,. O]

or equivalently, 8 =

Proof of Proposition A.13. The expression for wy has been derived in the proof of Propo-
sition A.12. Suppose ws, is parallel to X, 18, then tX, 18 = ws = %1,1 for some
t € R\{0}. Thus,

’lUI — F 1 — / — _1[1 — wsa.
1E18 tq1q1q q

Next, suppose wy = ws,. This means

! 1
,Y—/? = _lq = Wsa,
]-qzy /8 q

i.e., ws, is parallel to Xy 1ﬁ. [

A.5.4 Extensions

The analysis at the beginning of this section has assumed that there are no covariates to
follow Example 3.5, and for exposition purposes. The analysis has shown that each of
the methods does not necessarily maximize the t-statistic squared. In this subsection, I
discuss various extensions to the earlier analysis and to show that the similar intuition
and conclusion continue to apply with appropriate adjustments.

First, a similar analysis can be performed when covariates are included using the FWL
theorem by replacing the outcome and D; with the residualized variables and adjusting
for the degrees of freedom in the t-statistic to account for the number of covariates.

Second, where homoskedasticity is not assumed, the t-statistic squared does not have
the representation in terms of R2(w). Nevertheless, the t-statistic can still be analyzed
under Assumption A.5. In partlcular testing (A.34) can be performed by the test statistic
Tp(w) = % where T a3 i @ consistent estimator of & 5 In this case, one can

BY
conduct a similar analysis as in Section A.5.2 by considering a suitable wy and the ratio

[T (w)]?

1T, (o) 2 where w and wy are in the corresponding class of weights that are suitable PCA,
n\Wo

72



SA, or IVM. For a fixed wy, the ratio can still be analyzed via the Rayleigh quotient in w
below

w' (88" )w
W (A.46)

Thus, the analysis in Section A.5.2 can still be applied by redefining the matrices and
corresponding assumption appropriately and the weights would be required to parallel

to Zél B to maximize the quotient.

Finally, the analysis can be used to study the probability of rejection. Let cv € R

be a given critical value that depends on the significance level. Then, P[| T, (w)| >

| = p[|YwBiws) | VnwB) | - oy]. To proceed, one could consider the local
w'E, sw Jw'E, gw

alternative where 3 = n~1/2b and b € RY to ensure that /n(w’@3) is finite. Thus,

this converges to P[|Z + \/%| > cv|, where Z ~ N(0,1) by Assumption A.5 and

Slutsky’s theorem. This is the same as evaluating the probability of a folded normal

cv

distribution |N(%, 1)| and is increasing in the Rayleigh quotient g;glgz. Hence,
the earlier analysis inﬁsection A.5.2 and the previous paragraph can again be applied to
show what choice of w maximizes the probability of rejection. In this case, the Rayleigh
quotient (A.46) can be used but with 3 replaced by b and the statements have to be

updated accordingly.

A.6 An example with duplicated outcomes

In this subsection, I consider a stylized example with duplicated outcomes and show that
SA can lead to overcounting. This does not suggest that researchers include duplicated
outcomes in practice. The stylized example tries to model the limiting case where some
highly correlated outcomes are included in the index.

Example A.17 (Duplicated outcomes and simple averaging). Consider the setting de-
scribed by Example 3.5. Let Y;; and Y;, be two independent outcomes with Var[Y; ;| =
Var[Y;,] = 1. Set Yjp, = -+ = iy (e, outcomes 2 to g are duplicated copies). In
addition, assume that treatment effects are homogeneous 1 = --- = B; = p and the
errors are homoskedastic. In this case, it seems unreasonable to assign equal weights to
all outcomes. This is because the second treatment effect is effectively weighted by %
and the first treatment effect is weighted by %, but both has the same effect 8 and unit
variance.

On the other hand, the variance-minimizing solution to w’X W subject to w € Weyx
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(i.e., the class of convex weights as defined in (2)) is
* * *\ .ok 1 * 1 * .
(wl,wz,...,wq).wlzi, Zw] :E, w] ZOforJZZ,...,q . (A47)

Since X5 is positive semidefinite, the solution is not unique. But this is as expected
because Yjp, ..., Y;, are all the same, so only the sum of weights on these (g — 1) random
variables matters. (A.47) shows that computing the weights using X5 is helpful and leads
to more reasonable weights. The proof for (A.47) can be found below. A

Proof of equation (A.47). Following the notations in Example 3.5, write the error term
asU; = (Uj1,Ujp, ..., Uip)" where U;, is repeated for (g — 1) times. Let (712,]. = Var[D;U; ;]
and of; = Var[(1 — D;)Uj ] for j = 1,2. Then,

D;U;; D;U;;
Var[DiUi] = Var l. h2 = Var l. i2 — ( 0-1/1 g-1 > ,
: : 0g—1 0121(g-1)x(3-1)
DU, DU,
and similarly,
(1 —D;)U;,
1—-D;)U; o2 o’
Var[(1 — D;)U;] = Var ( _1) o - ( o T ) ,
1 07-1 92l(g-1)x(g-1)

(1 - Di)ui,q

Thus, the asymptotic variance of 3 is

_ Var|[D;U;] n Var[(1 — D;)Uj]

PIPN
8 h (1—pp)?
_ 1 o7 0,4 +; 051 0,1
~ 22 \o 2 1 (1—pp)? \o 2,1
Pb -1 O12L(g-1)x(4-1) b 9-1 9021 (g-1)x(9-1)
2 /
_ [ %18 091

2
Og-1 655 (-1)x@-1)
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where

¢i5= %) + % :
B p% (1—pp)?
forj=1,2.
Therefore,
q 2
w’ZEw = giﬁw% + ggﬁ <]Z2 w]-> = wal + 925(1 —wy)?, (A.48)

where the last equality follows because w’ 1; =1 as w € Weyx. The first-order condition
of the above is

2g2

1501 — 2(1— wl)géﬁ =0,

or equivalently,

625
2/
%187 %28

This leads to the optimal solution that minimizes (A .48).

In the example, I assumed that §; = B for any j = 1,...,q, and that errors are
homoskedastic. Since Yl j = &+ BD;+ Uj; and VarlY;j] = 1 for any j = 1,...,q, this
means 1 = Var[Y; ;] = [3 Var[D;] + Var[U; j, or equivalently,

=2
Var[lll-,]-] =1- ﬁ pD(l — pD)/ (A.50)

forj=1,...,q. Hence,

03 = E[D?UZ] — E[D;U;;)* = E[DE[UZ] = pp[1 — B pp(1- pp)]

and
= E[(1 — D;)?U2] — E[(1 - D)U;;]* = (1~ pp)[1 — B pp(1 — pp)].

for j = 1,...,9. As a result, this implies that g% 5= g% 5 It follows from (A.49) that

q 1
wy = 2and2] zw]—z ]
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A.7 Additional details on inference for generated outcomes

This subsection shows the limiting distribution when one studies generated outcomes.
Recall that it has been assumed throughout the appendix that {(D;, X/, Y/)}; are ii.d.
across i. In addition, I use Assumption A.1 in the next two subsections. This assump-
tion characterizes the limiting distribution of 3, and Q. Note that the standardization
step has been included in 3, as discussed in the previous section on precision (see, for
instance, (A.22)). Hence, the asymptotic variance matrix in Assumption A.1 has already
accounted for the correct calculation for the variance matrices that account for the stan-

dardization step as in Assumption 2.2.

A.7.1 Inference for PCA

Lemma A.18. Let Assumptions 3.1 hold on Q and A.1 hold. Write {(v}, )\j)}?zl as the
eigenpairs of Q) such that {uj}?zl are unit-length eigenvectors and Ay > --- > Ag. Let
Wpcan = ArgMaX,cyy w' Quw where Wi is as defined in (5). Suppose ¢'wpea > 0.
Proof of Lemma A.18. By Assumption 3.1, @I’)m’nﬁntﬁpca,n = SUp,epy, . W Q,w because

the leading eigenvalue is unique. In addition, for any w € Wi, |w' Quw — wQuw| <

19, — Q|||w|)3. Hence, sup,,yy . |w'Qpw — w'Quw| 50 by Assumption A.1. There-

unit

fore, Wpca,n LN Wpca by Theorem 2.12(i) of Kosorok (2008). O

Proposition A.19. Consider the same assumptions as in Lemma A.18. Write T, = 'LB{aca,an
and T = w}/xaﬁ' Then,

~ d

vec[vjv]

where By, = E?:z V]T)VD, D is the duplication matrix such that D vech[Q)] = vec|Q], and
{(vj, Aj)};’zl are the eigenpairs of Q such that c'v; > 0forj=1,...,4.
Proof of Proposition A.19. Let T, and 7 be as defined in the statement of the proposition.
Then,
\/E(:En - T) = \/E(@pca,naﬂ - wfaca/@)
= \/%(ﬁ)pca,ngn - @éca,nﬁ + "cha,nﬁ - wé)ca/g)
- @pca,n[\/a(én - 18)] + Bl[ﬁ(@pca,n - wpca)]
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I
VR

peast ﬁ (ﬁ;pca,n - 'wpca)

Vv (Bn—ﬁ)
= (wpea B N f;f ?) ', +op(1)
(v ) (o e (an, | vor
= (wpea B zq o ]iCAl]i]ID (ﬁwﬁﬁ%};?)ﬂ)])wpu)
= (wha #) ff 13) ( ﬁ[ﬁﬁ%ﬁ)m]) +op(1)

= (whe BBy (z ” )

vech[Q)]
~ N(0, wpeaZwpca + 2wy, ¥ 3BB + ' B.Y¥a B, 3),

where the first line uses the definition of the estimators, the second line adds and sub-
tracts, the fifth line uses Lemma A.18 and uses eigenvector perturbation (see, for in-
stance, Stewart (2001, Theorem 3.11 of Chapter 1)), the seventh line defines B,, as in the
statement of the proposition, the eighth and last lines use the notations in Assumption
Al O

A.7.2 Inference for IVM

11,

T Then

Lemma A.20. Let X be a positive definite matrix. Define a(X) =

da(Z) _ —(UE N @Z (1R 1) + (E ) (UE ) ® (15 )

dvec[X] (1{72—11q)2

Proof of Lemma A.20. By matrix derivative equalities (see, for instance, Example 18.8a
of Magnus and Neudecker (2019)),

d(z7'1,) =d(L,z '1,) = -z (dx)z 1, (A.51)
d(1,£27'1,) = —1,271(dZ)z 1, (A.52)

Since Z_llq is a column vector and 1{12_11q is a scalar, I have Vec[Z_llq] = Z_llq and
-1 -1
vec[1;E ™ 1,] = 1, X1,
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Thus, (A.51) and (A.52) can be written as
d(£'1,) = — vec[,LZ ' (dE)Z '1,) = — [(1{72—1) ® 2—1} vec[dZ], (A.53)
d(1/E7'1,) = — vec[t/E1(dE)Z11,] = — {(1@2—1) ® (1{72—1)] vec[dE],  (A.54)

using properties on the Kronecker product (see, for instance, Example 18.5 of Magnus
and Neudecker (2019)). It follows that

d(z'1,)

Iy —1 -1
dveC[Z] = —(lq):. ) RX T, (A.55)
d(lélzillq) _ I y—1 Iy—1

Hence, the gradient of a(X) with respect to vec[X] is given by

da(X) (EHE (12 11, + (21 [(1E ) @ (1727
dvec[Z] (1,27 11,)2

7

using the chain rule, (A.55) and (A.56). Since X is positive definite, 1{12*115, > (0 in the
above derivative. ]

The following shows the limiting distribution of the aggregated treatment effect using
@ivm,n-

Proposition A.21. Let Assumption A.1 hold and Q) is positive definite. Let wiym be as defined
a,'1,
101,

. —~ _ . ~ o~/ = o /
in (11) and Wiymn = . Define Tiymn = Wiy nBn/ and Tym = Wy, 3. Then,

~ d
\/E(Tivm,n - Tivm) — N(O/ (Tizvm)/

where
Upym = Wiym EWivm + 2wi,, ¥ 3046 + B'D. ¥ D,B.
-1
Proof of Proposition A.21. To begin with, write a(Q) = 1,00—,111 where () is a positive
q q
definite matrix. The expression % is given in Lemma A.20. Since () is positive

definite, 1,071, > 0.

da(Q)
d vec[Q]

LetG = and D be the duplication matrix such that vec[(}, — Q] = D vech[Q),, —
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Q]. Hence, using the Delta method,
Vi[a(Q,) — a(Q)] = Dav/nvech[Q), — Q] + op(1), (A.57)
where D, = GD. Hence,

\/E(:Eivm,n - Tivm) = \/_
\/—
(a

(Qn

F

E

a‘vech[Q)]
Zgs
= wIIVm /8/
( ) (DaZvech[ ])
~ N(0, 0.

where the first line follows from the definition of a(-) and the estimators, the second
line follows from adding and subtracting, the fourth line follows from (A.57) and that

a(Q),) LN a(Q) by the continuous mapping theorem and the given assumptions, the
tifth line follows from Assumption A.1, and the last line follows from defining

) ¢ wj
o= (it #0) (47 09 (10m)

= Wiy ZWiym + 2Wiy, Y s026 + B'D.¥a D, 8.

A.7.3 General result

This subsection concludes with a general result that shows one has to account for the
“generated outcome” in computing the correct standard error.

Assumption A.22. Suppose W, € R7 and 8, € R7 have the following representation:

n

\/ﬁ(@ Z DerwY) +0P(1)

i=1



~ 1

\/E(ﬁn _:6) = ﬁ

where ¢(D;, X;,Y;) = (¢w(Di, X;,Y;), ¢3(Dj, X;,Y;)") is the corresponding influence func-
tion such that B[y (Dj, X;,Y;)] = 025 and E[e(D;, X;, Y;)p(D;, X;,Y;)'] exists.

n
¢p(D;, X;,Y;) +op(1).
i=1

The above assumption allows the definition of the estimator to be general to allow
for flexible choices. This is because researchers may choose to divide outcomes from the
outcomes’ standard deviation using the full sample or control subsample depending on
how they want to interpret effect size. Under Assumption 2.2, 3 and 3, are the treatment
effects on the (suitably) standardized outcomes. Hence, the terms in Assumption A.22
have taken the standardization into account and the influence function has been adjusted
for the estimated weights. See Example A.24 below for a binary treatment example. The
proposition below shows that one has to take the generated outcome using the data-
dependent weights into account in conducting inference unless the additional variance
terms equal 0. This generated outcome issue is related to the literature on generated
regressors studied since Pagan (1984) and Murphy and Topel (1985) although I focus
on the dependent variable. This is also related to conducting inference on generated
variables from unstructured data studied by Battaglia et al. (2024) in which they discuss

how variables are generated and used as regressors via a “two-step approach.”

Proposition A.23. Let Assumption A.22 hold. Write T, = @,,3, and T = w(3. Then,

V(@B — whB) ~ N(0,02),
where

2 2 2 2
Ur = UT,,B + ZUT,,B,w + U wr

(T%ﬁ = w{, Var[pg(Dj, X;, Y;)|wo, U%/ﬁ,w = w| Cov]pw(Dj, X}, Y;), va(D;, X;,Y;)|3, and
02, = B Var[pw(D;, X;,Y;)]|B.

The above proposition shows that the uncertainty in the weights also contribute to
the asymptotic variance and should not be treated as “fixed.”

Proof of Proposition A.23. Using the notations in Assumption A.22, I can write

V(% — 1) = V(@) B — wB)
= (@B, — @8 + w8 — w)B)
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= W,\/1(By — B) + B/V/n (W, — wo)

(e ) [ VEB=B)

= (@ #) <ﬁ<@n—wo)>

sz;? Lp3(Di, X, Y;) + op(1)

= (b ror® B\, X, ¥+ orl)

wOQO,@ (D;, X;,Y;) + B Sow(Dz/ Xi, Y)} +op(1), (A.58)

\/— Z
where the fifth line uses w, — wy = op(1) and Assumption A.22.

Continuing from the last line above,

90,@ D1/ XZ,Y)

V(T — 1) = ( > Z <4Pw(D1/Xz/Y)> +op(1)

0 x T/
i> (w(/) /8/> N q , B w,3
= N(0, wyZgwo + 2w)Ee, 80 + B'Zw),

where the second line uses the Central Limit Theorem because the second moment of
(pa(Di, Xi,Y:), puw(Di, X;,Y;)') exists and defines £3 = Var[pg(D;, X;,Y;)], Ty =
Var[pw(D;, X;,Y;)], and Z,,3 = Cov]pw(D;, X;,Y;), ¢s(D;, X;,Y;)], and the last line
follows from the continuous mapping theorem. The proposition holds from defining

U’%rﬂ = wé):ﬁwo, a’%,,@,w = wéz"wﬁﬁf and U’%,w = Blz‘wﬁ- ]

Example A.24. Suppose D; € {0,1}, there is no other controls, and that Assumption A.8
holds. Then, the estimator for the treatment effects as follows for each j =1,...,q:

Y (1 Dy)(¥,, — E[Y; |D; = 0])

=1 =1
2 D;(Y;; — E[Y;;|D; =1]) — EX 2(1 — D;)(Y;; — E[Y;;|D; = 0]), (A.59)

where the first line follows from the difference-in-means estimator, the second line adds
and subtracts lE[?l-,j|D,- = 1] and ]E[l?i,j|Di = 0], and the third line uses the definition that
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B = E[Y;;|D; = 1] — E[Y;;|D; = 0].

Hence, recentering and rescaling Bn,j foreachj=1,...,q gives

\/%(En,j_gf) :Z—?éDi(Yw E[Y;;|D; = 1]) Z i —E[Y;;|D; = 0])
n L ~ ~
=y v 2o i B 1D; = 1))

(1- Di)(?i,j — E[YiﬂDi =0])

—= i(l — Di)(Y;; — E[Y;j|D; = 0]) + op(1)

1 & ~
= ﬁgq)j(Di'Yi’j) +O]p(1), (A.60)
where the first line follows from (A.60), the third line uses  — pp = L —E[D;] =

n n
op(1) and ™ (1 —pp) = 22 —E[1—D;] = op(1) by the weak law of large num-
bers, —- Zz 1 Di(Yij — E[Y;|D; = 1]) = Op(1), 7 XLy (1= D) (Y — E[Y|D; = 1)) =
Op(1 ) the seconds moments are finite by Assumption A.8, and that op(1)Op(1) = op(1),
Di(Y,;—E[Y,;|D;=1]) (1*D)(Y —E[Y;|D; =0
PD —PD
Next, define cpﬂ(Di,f/,-) = (¢1(D;, ?i,l)r- .., 94(D;, 17”,))’ I can stack (A.60) across

j=1,...,q to get the following asymptotic linear representation:

the last line uses ¢;(D;, 17, )=

V(B - Té (D, %) + op(1).

A.7.4 Large-sample properties for the variance-minimizing weight

In this subsection, I show the large-sample properties of the optimal weights for the

variance-minimization problem in (14).
Assumption A.25.
(a) Let I, be a consistent estimator of L.

(b) L and E, are positive definite matrices.
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(c) Suppose that

il BB N Zs N _ (%) (E Yes)).
VeCh[Zn — Z] Zvech[):] Og ‘I[):ﬁ ‘IIZ

Let Wymc,» be the solution to (14) when X is replaced by the sample analog ¥, ie.,

min w'E,w, (A.61)
wEWevx

The class of weights Wy creates an additional complication for statistical inference as

the weights are constrained to be nonnegative.
First, the following proposition shows that Wymc,, is consistent.

Proposition A.26. Let Assumption A.25 hold. Let wymce and Wymc,n be as defined in (14) and
(A.61), respectively. Then, Wyme,n LN Wyme-

Next, I derive the limiting distribution of the weights in the following proposition.

Theorem A.27. Consider the same notations as in Proposition A.26. Define the random variable
Z=2w oI )BZ,ocnjx) where B is a duplication matrix such that B vech[y/n(X — )] =
vec[y/n(E — ;)] Let u* = (#1, -, 15)" be the Lagrange multipliers to the problem (14).
Denote Jactive C {1,...,q} as the set of indices for the active inequality constraints for Weyx
at wyme and Tactive,+ () = {j € Tactive : y]* > 0}. Let h*(¢) be the optimal solution to the
following program:

min h'¢ +h'Zh,

helR1
/ —
st h'l,=0, (A.62)
h] = OfOTj € jactive,—i— (M*)/
h] > OfOT’j € jactive\jactive,—i—(/*'f*)'
Then,
. d 7
\/E(wvmc,n — Wyme) — h*(Z). (A.63)

The limiting distribution is expressed in terms of a stochastic program (A.62). The

following corollary shows the limiting distribution of @/, , Bh.
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Corollary A.28. Consider the same notations and assumptions as in Theorem A.27. Then,
N ~ d >
ﬁ(wvmc,nﬁﬂ - wirmcﬁ) — w(’mCZ,B + B/h*(Z)'

Finally, I show that a normal limiting distribution can be restored if the population
solution wymc is all positive.

Corollary A.29. Consider the same notations and assumptions as in Theorem A.27. Let Wyme >
0;-
(a) Define Byme = L1 (I, — 1 L (Wime ® I)B. Then
vmc — q q 1/'12—1117 vmc ¢ 4
~ d
\/ﬁ(wvmc,n - wvmc) — N(Oqz vaCTZB\//mc)'
(b) Define 03 = WimcEWyme + 2Whem Y5, 5BimcB + ' Bymc Y2 Bimc3. Then,

. ~ d
\/ﬁ(wvmc,nﬁn - w\//mcﬁ) — N(O' Ugmc)‘

A.7.4.1 Proofs

Proof of Proposition A.26. This follows from Proposition B.12 with M (B, w) = 0. O

Proof of Theorem A.27. The problems (14) and (A.61) can be viewed as setting M(B, w) =
0 for the minimax problem (21) (or setting B = 0). In this case, I have wyme = w*(0) =
w(0,), where w(-) is defined as a solution to (B.75). Applying Proposition B.13 applies
with M(B,w) = 0 gives

\/E("vac,n - wvmc) = \/%[E(Vdn(wvmc)) - m(oq)] + 0][’(1)
= DEO(\/EVdn(wvmc)) + OIP(l)z

where Dwy is the directional derivative at 0, and d,(-) is given in (B.76).

To compute the directional derivative Dwy(-), I utilize the extra structure for this
B = 0 case. In particular, problem (14) reduces to min,,c)y.,, w'Zw. In this problem, the
equality constraint in Weyx is w'l; = 1 (see (2)), so its gradient is 1,. At any w € Weyx,
at least one component of w is nonzero. Hence, the gradient of the active inequality
constraints (i.e., those such that w; = 0) cannot be linearly dependent with the equality
constraint in Weyx. Hence, linear independence constraint qualification (LICQ) is satis-
tied at the optimal solution (see, for instance, Nocedal and Wright (2006, Definitions 12.1
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and 12.4)). Hence, the Lagrange multipliers are unique by Wachsmuth (2013).
Let f(w) = w'Ew and f,(w) = w'E,w for any w € Weyy. Then,

ViVd(w) = V(Y fu(w) = Vf(w))

=2Vn(Z, - T)w

= 2(w' @ I) vec[v/n(Z, — L)]

= 2(w’ ® IBvech[y/n(Z, — )]

L 2(w' © I)BZyeany) = Z,
where the third line used a duplication matrix B such that Bvech[/n(Z, — Z)] =
vec[y/1(Z, — L)), and the derivation uses properties of the Kronecker product and vec-
torizations (see, for instance, Example 18.5 of Magnus and Neudecker (2019)) and the
continuous mapping theorem. The definition of Z follows from the one in the state-
ment of the theorem. The directional derivative Dwy(¢) is given by h*(¢) in (A.62). It

is also unique because X is assumed to be positive definite. Then, the convergence in
distribution follows page 163 of Shapiro et al. (2021). O

Proof of Corollary A.28. Using Proposition B.13 and Theorem A.27,
\/% N /871 - 5 — \/E / /811 - B R
(X, — L) Wymc (Wyme ® I) vec[Zy, — I
_ Br—p
(Wme ® I;)Bvech[E, — I
— Iq 0 \/E BnA_ B
0 (wyme®1,;)B vech[X, — X]

4, ( , Zs ) ) (A.64)
(wvmc ® Iq)Bzvech[Z}

where the first line uses the properties of the Kronecker product and vectorizations (see,
for instance, Example 18.5 of Magnus and Neudecker (2019)), the second line uses the
duplication matrix B as in Theorem A.27, and the last line uses the convergence of
distribution in Assumption A.25. Thus,

\/E(@émc,ngn - wx//mcﬁ) = \/E[@émc,n (Bﬂ - 16) + B/(@VmCJl - meC)]
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— (@/ IB/> \/ﬁ(/é\ﬂ - IB)
vmern \/ﬁ ({ﬁvmc,n - wvmc)
5 WimcZa + B0 (Z)),
where the last line follows from (A.64). O

Proof of Corollary A.29(a). In this case, none of the inequality constraints are active.
Hence, (A.62) reduces to

min h'¢C+ h'Zh,
heR? (A.65)
S.t. h/]_q — 0.

Let the Lagrangian of (A.65) be
L = h¢+hZh+x(15h),

where « is the Lagrangian multiplier. The first-order condition with respect to h leads to

oL
0_%_C+22h+xlq.

Rearranging gives the solution h§(¢) = —3Z (¢ + «1,). But h§(¢)'1, = 0, so this gives
—¢'z 1, - KlZIZ_llq = 0, or equivalently,
Iy —1
L
—1 *
15711,

Hence,

14 1,27'¢ 1o, 1zt
hs(¢) = —5L (C - T_llqlq =5 |\ L- 1‘7T‘11q ¢.
q q

Recall from the statement of (A.27) that Z = 2(w),,. @ I )BZ echz)- Then,

~1
R i _ 1o 4 1{72‘. _
\/E(wvmc,n - 'wvmc) — hS(Z) = _EZ (Iq - lqm Z.
The result follows from defining the Bymc as in the statement of this corollary. O
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Proof of Corollary A.29(b). Using Proposition B.13, Corollary A.28, and Corollary A.29(a),
I can write

\/ﬁ({ﬁ(]m(j/n/é\n - w(/mcﬁ)
P —

(s ) (%0 )

— (e ) (vacﬁ(ﬁn—ﬂ) ) +op(1)

nvech[Z, — Z|
d ( / /) Zg
— (w I]
e <B vinc Zyech [Z] )
~ N(0, Wy EWyme + 2Wyne ¥y, s BymeB + B’ Bymc Yz BymeB), (A.66)
by Assumption A.25. O

A.8 Additional simulations related to Proposition 3.6

The goal of this section is to examine the impact of ¢’wpc, being close to binding. The

DGP is as follows. I assume that there are g = 25 outcomes that follow the linear model
Yi; = Gj+ BiDi + Ui,

as in (8). The treatment variable D; is binary such that P[D; = 1] = 0.3. The error
terms follow U; ~ N(04,Zy) and U; 1L D;. To have a more realistic DGP, I calibrate Xy
using the data from Bau (2022). I set the variance matrix of Y; such that it matches the
correlation matrix for the outcomes from the asset index in Bau (2022).

I assume that PCA is used to aggregate the outcomes, and that ¢ = e (i.e., unit vector
where the first entry equals 1 and the rest equals 0) is used in the sign normalization
constraint for the PCA problem. I set 8 such that §; = 0.5 for j = 16,...,20 and B; = 0
otherwise. In addition, I consider different DGPs on the correlation matrix of Y; that
replaces Corr|Y;1, Y;,| with Corr[Y; 1, Yi2] + w using the values shown in Table 3. I show
the value of wpe,1 corresponding to each value of w. Such changes allow me to obtain
different values of the first entry in the leading eigenvector. In the following, I write
T = wl’xaﬁ as the value of the target parameter implied by the DGP and T, = @Iloca,nﬁn
as the corresponding estimator.
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Table 3: The values of w used in the DGPs.

w —0.518 —0.100 0.042 0.127
0.070 0.025 0.010 0.001

Wpca,1

Figure A.2: Distribution of 7, under different DGPs.
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The simulations are based on 1,000 replications. Figure A.2 shows the distribution
of zﬁéca,nﬁn for each of the DGPs in which the distribution is nonstandard when wpc,1

is close to 0. In particular, as wpc,,1 becomes closer to 0, the distribution of T, becomes

nonstandard (and bimodal).

A.9 Supplemental details on empirical examples

Figure A.3 shows the weights on the asset variables in Bau (2022).
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Figure A.3: Weights on the asset variables in Bau (2022).
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B Appendix for Section 4

B.1 Details for the asymptotic validity for FLCI

In this appendix, I provide the main results regarding the asymptotic validity for FLCL
Let P be the class of distributions on 3,. In addition, let &,(B) = {(6,P) € ©® x P :
Vvn(Bp —01,) € S(B)}. I will require the following assumptions on uniformity.

Assumption B.1.
(a) E, is uniformly consistent for £ p for any (6, P) € &,(B).

(b) Forany (6,P) € ,(B), Ly p € M, where M is a compact set of positive definite matrices
with eigenvalues bounded below by Ay, > 0 and above by A, < co where Ay, > Ay,.

(c) \/n(By — Bp) converges in distribution to N(0, g p) uniformly under (6, P) € &,(B).

I maintain the following assumption about the amount of misspecification. It is an
asymptotic device to control the misspecification and should not be interpreted as Bp

being equal to 6 as n — .

Assumption B.2. Let P € P and S(B) be the parameter space as in Section 4.2 for B > 0.
Then, Bp = 01, + b, where b, = n~'/2b and b € S(B) holds.

The following theorem establishes the validity of the FLCI.

Proposition B.3. Let « € (0,1). Let Assumptions 2.2, 4.9, B.1, and B.2 hold, and Y., be an
estimator of X that satisfies the preceding assumption.

For a given finite B > 0, let wy, be the weight estimated from the minimax problem using B
or the adaptive problem over B = B, B], with E replaced by L. Let Cy, be the smallest critical

89



value that satisfies (30) that uses I, instead of L.
Write Z,, = {@,’1 B % Con/ @} as the sample analog of the confidence interval in (29).

Then, L, is asymptotically valid, i.e.,

liminf inf P[€Z,|>1—a.
n—oo (9,P)eG,(B)

B.2 Proofs for propositions in the main text

Proof of Proposition 4.10(a). This part of the proposition characterizes the shape of A(B, w)
over B € B for a given w € Weyx. By direct computation, the derivative of A(B, w) with
respect to B? is given by

% ORmax (Bw OR*(B
dA(B,w) R (B)—a(B(z) )_Rmax(B,’w)_a(B(z)) N (B,w)

= = , B.1
a(B?) R (B)P R (B B
for any given w € Weyx where
ORmax (B, OR*(B
N(B,’U)) = R*(B)# - RmaX(B, w)a(T(z)), (BZ)

is the numerator of a‘gggf;’) in (B.1).

From Proposition B.6, there are only three possibilities on the shape of A(B, w) against
B € [B, B] for a given w € Weyx.

J0A(B,w)

First, if N(0,w) > 0, then N(B,w) > 0 for any B > 0. Thus, 3059

is nondecreasing in B.

>0,ie., A(B,w)

Second, if N(0,w) < 0, then there are two scenarios to consider. The first scenario is

that N(B,w) < 0 for any B > 0. Hence, 245

() <0, i.e.,, A(B, w) is nonincreasing in B.

The remaining scenario is that there exists By such that N(B, w) < 0 for any B € [0, By)
and N(B,w) > 0 for any B € [By, o). This means A(B, w) is nonincreasing in B for any
B € [0, Bp) and nondecreasing in B for any B € [By, o). This completes the proof. O

Proof of Proposition 4.10(b). In all the possible cases discussed in Proposition 4.10(a),
the maximum of A(B,w) over B € [B,B] where B > B > 0 must be achieved at the
endpoints. O

Proof of Proposition 4.11. To begin with, since B and B are held fixed in the proof, I de-
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fine A(w) = A(B,w) and A(w) = A(B,w) for any w € Wey in this proof. I also define
Amax(w) = Amax(B, w) = max{A(w), A(w)} in this proof. Using the assumptions on
the adaptive regret and the definition of the optimally adaptive weight in (26), I have

wy =argmin, .y Amax(w) = argmin,y,, max{A(w), A(w)}.

Assume to the contrary that A(w,) # A(w,). Set

Alwy) > Alwy) (B.3)
without loss of generality. This means Amax(wa) = A(wy). Define

Ag=Alwy) — A(wy) > 0. (B.4)

Let wi = argmin, W A(w). Note that w; is unique since A(w) is strictly convex
in w € Weyx. In addition, A(wq) = 1 from the definition of adaptive regret. This follows

Rmax (B/w) : _ minwEchx Rmax (Erw) _
minuEchx Rmax (E/'U/) . Thus/ MINg, e Wevx A ( w ) - minuEchx Rmax (E/u) 1

For the same argument, min,,ey,,, A(w) = 1 as well. Since wa € Weyy, it follows that

because A(w) =

A(w,) > mingep,, A(w) and A(wy) > mingep,, A(w). Together with A(wy) >

A(wy) in (B.3), it follows that

A(wy) > A(wy) > min A(w) = 1. (B.5)
wEWevx

From the above, it follows that w4 # w; because A(w1) =1 and A(wy) > 1.

Since A(w) is assumed to be strictly convex in w € Weyy in the proposition, it follows
that for any ¢ € (0,1), the following holds

A((1 = Hwa +twy) < (1 —1)A(wa) +tA(w1) = (1 - t)A(wa) +1 < A(wa), (B.6)

where the last inequality follows from (B.5).

Next, A(w) is continuous in w € Wey. In particular, it is continuous at w4. This

means that for any ¢ > 0, there exists ¢ > 0 such that for any w € Wy, ||[w —wy|| <

Pe

—< - > (0. From the discussion two
2[|wi —w 4|

@e implies |A(w) — A(wy)| < e Set t, =
paragraphs ago, w; # wy, so this choice of t, is well-defined. If such t. leads to ¢, > 1,

divide it by a large enough number such that . € (0,1). This value of f, will satisfy

Pe

[[(1T—te)wa +tewr] —wall = || — tewa + tew || = tef|wy —wa| = >

< q)g.
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Hence, for such t¢, |[A((1 —te)wa + tewr) — A(wa)| < €. Inaddition, (1 —t;)wy + tew; €
Woeyx. This follows because t. > 0, wa, w1 € Weyx, 50 (1 — te)wa + tewy > 04, and that
[(1—te)wp + tewn]'1y = (1 — te)w) 15 + tew)ly = (1 —t¢) + t. = 1. This means

Alwy) —e < A((1 —te)wa +tewr) < A(wy) + & (B.7)
Sete = %“ > 0, so that

A((1 = te)wa + tewr) < A(wa) +e= A(wa) — Mg +e= A(wa) — ZAA, (B.8)

where the first inequality follows from (B.7), the first equality follows from (B.4), and the
last equality follows from the choice of e.

Combining the results in (B.6) and (B.8), I have

Amax((l — tg)wA + tgwl) = max{A((l — tg)wA —+ fg'wl),Z((l — tg)wA —+ tgwl)}
3

< max {A(wA),A(wA) — ZAA

< A(wa),

which shows that w4 cannot minimize Amax(w). The argument for assuming A(w,) <

A(wy) is similar in (B.3). This completes the proof. O

Proof of Proposition B.3. Let w*(B, X) be the solution to the minimax problem or w4 (X)
be the solution to the adaptive problem over B = [B,B]. Lemma B.7 showed that
w*(B, L) is uniformly continuous in X. Lemma B.8 showed that w,4(X) is uniformly

continuous in X. Here, w,, is either w*(B, fln) or w A(f}n). Then, I can write

V(% — 0) = V(@' By — 0)
= @;,\/1(By — Bp) + @y, V/n(Bp — 614)
= @;\/E(B\n - ﬁP) + 73;/15'

where the first line follows from the definition of the estimator 7,, the second line fol-
lows from adding and subtracting and that w, € Wy, and the third line follows form
Assumption B.2. In the above, the uniform consistency of w, follows from the begin-
ning of the proof. The convergence of v/1(3, — Bp) follows from Assumption B.1 and
the asymptotic variance is also bounded away from zero. The proof then follows from
applying Appendix C of Armstrong and Koleséar (2021b) in the current context. O
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B.3 Supplemental results and proofs
Lemma B.4. Let Assumption 4.9 hold. Let w*(B) be the solution to the minimax problem (21).
Then, for any By, By > 0,

R*(Bz) < R*(By) + (B3 — Bf)m(w*(By)).

Proof of Lemma B.4. Recall that the minimax problem (21) has a unique solution for
each B > 0. Then, for any By, B, > 0, I have

R*(By) = V(w*(By)) + B3m(w*(B;

where the first line uses the definition of minimax risk from (21), the second line follows
because w*(Bj) is not an optimal solution to the minimax problem for B = By, the third
line adds and subtracts B2m(w*(B;)), and the last line follows from the definition of the

minimax risk from (21) again. [

Lemma B.5. Consider the same assumptions and notations as in Lemma B.4. Then, m(w*(B))

is nonincreasing in B.

Proof of Lemma B.5. For any B; > B, > 0 (I consider strict inequality to make sure the
division below is well-defined), I have

R*(B1) < R*(By) + (Bf — B3)m(w*(By)), (B.9)
R*(By) < R*(By) + (B3 — B?)m(w*(By)). (B.10)

from Lemma B.4. Since B? — B3 > 0, the above inequalities imply that

R*(B1) — R*(By)

m(w*(Bp)) >
B? — B3

> m(w”(By)),

where the first inequality uses (B.9) and the second inequality uses (B.10). [

Proposition B.6. Let Assumption 4.9 hold. Consider the minimax and adaptive problems defined
in (21) and (24) respectively. Then, for any w € Weyx, N(B, w) defined in (B.2) is nondecreasing
in B> 0.
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Proof of Proposition B.6. To begin with, note that

IR*(B) x
=R = m(w*(B)),
d(B?) |w—w(B)
by Assumption 4.9 and Danskin’s theorem (see, for instance, Bertsekas (2009)) by noting
that for each given w € Weyx, Rmax(w, B) = V(w) + (B?)m(w) is affine in (B?), Weyx is
compact, and that w*(B) is unique.
OM(B,u)

Since M(B,u) = B*m(u) for any B > 0 and u € Weyy, then 35 = m(u) and
aM(g(,;;*)(B)) = m(w*(B)). Hence, N(B, u) in (B.2) can be written as
N(B,u) = R*(B)m(u) — Rmax(B, u)m(w*(B)). (B.11)

Consider any By > B, > 0, note that

Bm(w*(B1)) — Bym(w*(By)) = [B5 + (B} — B3)|m(w*(B1)) — Bym(w*(By))
= B5[m(w*(By)) — m(w*(By))]
+ (B? — B3)m(w*(By)). (B.12)

For any u € Wyyx and B; > B, > 0, I have

N(Bi,u) — N(By,u) = [R*(By)m(u) — Rmax(B1, uw)m(w*(By))]
— [R*(B2)m(u) — Rmax (B2, u)m(w*(By))]
= m(u)[R*(B1) — R*(B2)] — Rmax(B1, u)m(w*(B1))
+ Rmax (B2, u)m(w*(By))

= m(u)[R*(B1) — R*(B2)] — [V (u) + Bim(u)|m(w*(By))
+ [V (w) + Bym(w)]m(w*(By))

= m(u)[R*(B1) — R*(B2)] — V(u)[m(w*(By)) — m(w*(Ba))]
— m(u) [Bim(w*(B1)) — Bym(w*(By))]

= m(u)[R*(B1) — R*(By)] — V(u)[m(w*(B1)) — m(w*(B2))]
— m(u)B3[m(w*(By)) — m(w*(By))]
— m(u)(Bf — B3)m(w*(By))

= m(u)[R*(By) — R*(Bz) + (B3 — B )m(w*(By))]
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>0

- 4

the first equality uses (B.11), the second equality groups the terms associated with m(u),
the third equality uses the definition of the maximum risk in (21) and the assumption
that M(B,u) = B?>m(u), the fourth equality groups the terms by V(u) and m(u), the
fifth equality uses (B.12), and the sixth equality groups the terms by m(wu) and uses the
definition of Ryax (B2, u). The last line follows from m(w) > 0, Rpmax(B2, w) > 0, Lemmas
B.4 and B.5. [

Lemma B.7. Let Assumption 4.9 hold. Assume that M is a compact set of positive definite
matrices with eigenvalues bounded below by Ay, > 0 and above by Ay, < co where Ayp > Ay,
For a given finite B > 0, the optimal solution to the minimax problem in (21) is uniformly

continuous in & € M.

Proof of Lemma B.7. Let w*(B, L) be the optimal solution to the minimax problem in
(21). This notation is to emphasize X as an argument. Under Assumption 4.9, the

maximum risk function can be written as
Rmax(w, B,Z) = V(w, ) + B*m(w) = w'Lw + B*m(w), (B.13)

where I have further denoted the functions Rpyax(w,B,L) and V(w,X) as a function
of X to emphasize the dependence on X. In the above, V(w,X) is strongly convex in
w € Weyy for a given X € M. The function m(w) is convex in w € Weyx. By the
definitions of strong convexity and convexity (see, for instance, Aragon et al. (2019)), it
follows from (B.13) that Rmax(w, B, X) is strongly convex in w € Weyx. Therefore, for
any wi, wy € Wex and Z € M,

C
Rmax(wlz B, Z) > Rmax('wZ/ B, Z) +g/(w1 - wZ) + 7R||wl - 'wZH% (B-14')

for any g € dRmax (w2, B, X) (g is a subdifferential of Rmax(wy, B, ) and 0Rmax (w2, B, X)
is the set of all subdifferentials) and for some Cg > 0.

Next, for any X1, Xy € M and w € Wy,

Rmax(w, B,Z1) — Rmax(w, B, Z5) = V(w, Z1) + B?m(w) — V(w, L) — B?m(w)
= w'liw — w'Iw

=w'(X; — L)w. (B.15)
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Hence, by the triangle inequality and (B.15),
| Rimax(w, B, Z1) — Rmax(w, B, L2)| < [|E1 — Ea[l2|w])3 < [|Z1 — E22, (B.16)

since w € Weyx.

Recall the maximum risk (B.13) is strictly convex in w € Wy for any Z € M, so
the optimal solution is unique. For any X1, X, € M, let w*(B,X1) and w*(B, L;) be the
optimal solution to the minimax problem. By the optimality of the solutions, I have

IA

Rmax(w*(B/ Z])/ Br z )
Rmax('w*(B/ 2‘2)/ B/ z )

Rmax(w* (B, L2), B, X1), (B.17)
Runax(w*(B, 1), B, L2). (B.18)

IN

Note that W,y is a polyhedral set because it is a collection of finite inequalities. For
any w € Weyx, Rmax(w, B, L) < oo for any finite B > 0. Denote ri as relative interior
and dom as effective domain (see, for instance, Bertsekas (2009), for definitions). In
addition, ri(dom(Rmax)) N W # @. Recall that w*(B, X;) minimizes the maximum risk
Rmax(w, B,Xy) over w € Weyx. By Proposition 5.4.7 of Bertsekas (2009), there exists
g2 € IRmax(w*(B,Xy), B,Ly), I have

g5(w — w*(B,X2)) >0, (B.19)

for any w € Weyx.
Applying (B.14) with w; = w*(B,X), wp = w*(B,X;), g = g2, and L = Xy, I have

%||’¢U*(BIZ1) — w*(B,£2)|15 < Rmax(w*(B, £1), B, Z3) — Rmax(w* (B, £2), B, L5)
— g3[w*(B, L) — w*(B, L),
< Rmax(w*(B,Z1), B, E2) — Rmax(w*(B, E2), B, E)
= [Rmax(w*(B, £1), B, E2) — Rmax(w*(B, £1), B, L1)]
+ [Rmax(w*(B, 1), B, X1) — (w*(B, X2), B, X1)]
+ [Rmax(w*(B, X2), B, £1) — (w*(B, Z2), B, L2)]
< [Rmax(w*(B,Z1), B, 22) Rumax(w*(B,X1), B, £1)]
+ [Rmax(w*(B,X3), B, 1) — (w*(B,X2), B, X;)]
<2[|Z; - Lol (B.20)

Rmax
R

max

Rmax

where the second inequality follows from (B.19), the third inequality follows from (B.17),
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and the fourth inequality follows from (B.16).

Therefore, the above shows that for any € > 0, there exists 6 = C4—Re2 > 0 such that for
any Y,X € Mand ||21 — Zz”z <9, ||'w*(B,)21) — ’w*(B,Zz)”z < ¢ holds. O

Lemma B.8. Consider the same assumptions and notations as in Lemma B.7. Write m(w) =
maxpe s (1) (w’ b)2. The optimal solution to the adaptive problem in (26) is uniformly continuous
inkX e M.

Proof of Lemma B.8. Similar to the proof of Lemma B.7, I also write the maximum
risk also as a function of X as in (B.13). As a result, the adaptive regret for a given

w € Wax, B € [0,0) and £ € M is A(w,B,X) = % where R*(B,X) =

ming,ew.,, Rmax(w, B,X). Let B = [B, B]. Since the solution is unique, I also denote

the optimally adaptive estimator as

wy (X) = argmin Amax(w, X), (B.21)
wEWevx

and
Amax(w, L) = max{A(w,B,X), A(w,B,X)}
in this proof.

I have showed that Rmax(w, B, X) is uniformly continuous in £ € M in Lemma B.7.
Next, for any X1, Xy € M, let w*(B,X;) and w*(B,X,) be the optimal solution to the
minimax problem in (21) as in Lemma B.7. Then, R*(B,Z1) = Rmax(w*(B,X1),B,X1)
and R*(B,X;) = Rmax(w* (B, X3), B,X;). Thus,

R*(B,Z1) — R*(B,X2) = Rmax(w*(B, Z1), B,X1) — Rmax(w”(B,X2), B, L2)
< Rpax(w*(B,Z2), B, Z1) — Rmax(w*(B,L2), B, L),
= w*(B, L) Zjw*(B, L) + Bzm(w*(B, %))
— w*(B,Ly) Tow*(B, Ly) — B*m(w* (B, L,))
= w*(B, L)' (L1 — L)w*(B, Ly)
< |w*(B, %) (£1 — X2)w*(B, Ly
< [|Z1 = Zalf2||w*(B, £2) |I3
< ||E1 = E2f2, (B.22)

where the second line follows from Rmax(w*(B,XZ1),B,X1) < Rmax(w, B,X1) for any
w € Weyy, the third line follows from the definition of the maximum risk function,
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and the last line uses that |w*(B,Z;)[|3 < 1 because w*(B,Z2) € Wex. By a similar

reasoning, I have

R*(BI 2‘2) - R*(Blzl) - Rmax('w*(Bz ZZ)IBI 2‘2) - Rmax(w*(B/Z'l)/ B/ Zl)
S Rmax(w*(B/ Zl)IBI 22) - Rmax(w*(B/ Z‘1)/ B/ Zl‘1)/
< |21 — Z22. (B.23)

Combining (B.22) and (B.23), I obtain

|IR*(B,Z1) — R*(B, L) | < ||IZ1 — Z2]|2- (B.24)
Next, I bound R*(B, Z). For any X € M and finite B > 0, I have
* o 2 ! 2 /\lb
R*(B,Z) = wXw + B‘m(w) > wXZw > Ap||wl; > r (B.25)

because m(w) > 0, & — A1, is positive semidefinite, ||w]|3 > % by the Cauchy-Schwarz
inequality. For the upper bound, note that m(w) < 1 because m(w) = maxycg()(w’ b)?,
(w'b)? < [lw[[b]I5 < 1, [b]|5 < 1because b € S(1) and [lw|]3. < 1. Hence,

R*(B,E) = max [w'Ew + B*m(w)] < Awp|[w} +B* < Aw+ B (B.26)

is an upper bound on R*(B, ) because A, I; — I is positive semidefinite.

Since R*(B,X) > 0 for any X € M from (B.25), it follows that m > 0. Thus,
1 1 < ‘R*(B,Zl)—R*(B,Zz) 6]2H21—22H2 B.o7
T Tk = * = 2 ( : )
R*(B,X;) R*(B,X%p) R*(B,X1)R*(B,X%,) AL

using (B.24) and (B.25).

The function R*(B, X) is positive from (B.25) and also uniformly continuous in X € M
from (B.24) and by the definition. It follows that for any X, X, € M,

|A(w, B,Z1) — A(w, B, L)|

‘ Rmax('w/ B, Z‘1) Rmax(wz B, Z'2)

R*(B,Z;) R*(B,L,)
_ ‘Rmax(w, B,X1) — Rmax(w, B, X)
R*(B,Z1)
—|—Rmax(wBZ‘,2)[ r 1 H
2 =2) | R*(B,£1) R*(B,L,)
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< |Rmax(’w/ B, Zl) - Rmax('w/ B, 22)|
- |[R*(B, L1)|

1 1
R*(B,Z;) R*(B,XI)
< 9lZ1 — Zol> N g*(Aup + B [[Z1 — X2
N Ao Al

= Kl(B)”Zl — Zz”z, (B.28)

+ ‘Rmax('wr B, EZ)l

where the second last line uses (B 16), (B.25), (B.26), (B.27), and Rpmax(w, B,X;) > 0, and
the last line defined Ki(B) = 3 + M > 0.

Next, since | max{ay,a} — max{bl,b2}| < max{|a; — b1|, |ag — b}, and K1(B) > 0
in (B.28), using the above derivation on the bound of A(w, B, X,), this shows that there
exists K, > 0 such that

| Amax(w, £1) — Amax(w, L2)|
= |max{A(w,B,Z1), A(w, B,Z1)} — max{A(w, B, ), A(w, B, L) }|
< max{|A(w,B, %) — A(w, B, %;)|,|A(w,B,X1) — A(w, B, %;)|}

< max{K1(B)||Z1 — Eal2, K1(B)[|Z1 — Za|2}

< max{Ky(B), K1(B) }[|Z1 — Za|l

= KzHZl —Zz”z, (B.29)

B
B

where the last line defined K, = max{K;(B),K{(B)} from (B.28).

Now, for any X1, X, € M, consider w4 (X1) and wx(Xy) that are optimal solution to
the adaptive problem (B.21). Then,

Amax( A(Zl) Xz ) > Amax('wA(ZZ)z Zl)/ (B~3O)
Amax( A(Zz) z ) A ax('wA(Zl)/ 22)- (B-Sl)

By the definition of the adaptive regret,
Amax(w4(Z2),Z1) — Amax(wa(Z1),Z1) > Ka|lwa(Z) — wa(Z1)]?, (B.32)

where K3 > 0 the last line follows because A(w, B, X) is strongly convex in w € Weyx
(in which the proof follows from Lemma B.7, particularly equations (B.14), (B.19), and
(B.20), because A(w, B, X) is a (positive) scalar multiple of Rmax(w, B, L) when B and
are held fixed) and that Amayx is the maximum of two strongly convex functions.
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It follows that

Kallwa(E2) —wa(E1)[* < Amax(wa(Z2), E1) — Amax(wa(E1),Z1)
= [Amax(wa(Z2),Z1) — Amax(wa(Z2), L2)]
+ [Amax(wa(Z2), Z2) — Amax(wa(Z1), L1)]
< |Amax(wa(X2),Z1) — Amax(wa(E2), L2)|
+ |Amax(wa (Z2), Z2) — Amax(wa(Z1), Z1)|
< 2Kz |21 — Zaf2,

where the first line follows from (B.32) and the last line follows from (B.29).

Therefore, the above shows that for any € > 0, there exists § = 2'%82 > 0 such that for
any 21,22 € M and HZl — Zz”z < 5, HwA(B,Zl) — ’wA(B,Zz)”Z < ¢ holds. 0

B.4 Additional details for the parameter space
B.4.1 Shape restrictions

In this subsection, I discuss details related to imposing shape restrictions in the pa-
rameter space. I have explained in Example 4.3 that shape restrictions are desirable in
empirical practice. I show that evaluating the maximum risk subject to the parameter
space that involves absolute values on b is the same as evaluating the parameter space

without absolute values.

First, consider shape restrictions in the form of Qb < 0;, where Q € R’*7 and 0; is a

vector of | zeros. The parameter space can be described as

S(B) ={beR7: |b], <B,Qb<0}. (B.33)

For the purpose of computing the maximum risk (20), the set (B.33) on linear inequal-
ities on b also describes inequality constraints on the magnitude of b, i.e., inequality
constraints on |b|, as in the entrepreneurial spirit example in Example 4.3. More specifi-

cally, consider
Sabs(B) = {b € R : [|b]|, < B,Q|b| < 0/}, (B.34)

where |b| is the vector that takes the absolute value of each component in the vector
b. The following proposition shows the maximum risk over (B.34) is the same as the

maximum risk over linear inequalities in the form of (B.33). This simplifies computation.
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Proposition B.9. Consider the notations as defined in (20). Let p > 1, B > 0 and Q € R4,
In addition, let Saug(B) = {b € RY : ||b][, < B,Qb < 0;,b > 04}. Suppose Saug(B) # @.
Then,

max (w'b)®> = max (w'b)?,
besabs(B) bESaug(B)

where S,ps(B) is defined in (B.34).

Proof of Proposition B.9. Let maps = maxpes, (B) (w'b)? and mayg = MaXpe s, ,q (B) (w'db)?.

To begin with, note that for any b € Syug(B), |b| = b since b > 0;. Therefore,
Q|b| < 0;. It follows that b € S,p,s(B) as well. Hence, #aug < M.

Next, for any b € S,ps(B), Q|b| < 0; by construction and |b| > 0,. Hence, |b| €
Saug(B). Note that the objective is bounded above as follows

(w'b)? = |[w'b|? < (Jw|'[b])? = (w'[b])?,

where the inequality follows from the triangle inequality and the second equality follows
because w € Weyx, 50 w > 04. As a result, this means for each b € Sabs(B), there exists
|b| € Saug(B) such that the objective is weakly larger. Hence, m,ps < Mayg.

Combining the two parts gives mps = Mayg. O
The above proposition shows that although the two sets S,ps(B) and Saug(B) are

different, they lead to the same maximum value. Hence, the representation in (B.33) can
capture this case.

In general, the maximum misspecification further satisties Assumption 4.9 because

M(B,w) = max (w'b)? = B> max (w'b)? = B?>m(w), (B.35)
beS(B) besS(1)

where m(w) = maxg o) (w'b)? is convex in w and S(B) is as defined in (B.33).

B.4.2 A model of communication and subjective weights

Another concern that researchers may have is related to the communication of the
weighted average of treatment effects T to the reader. Readers may think that 6 is
a weighted average of the treatment effects 3, but have a different view on what the
weights should be. Then, the researcher’s decision has to take this communication issue
into account.
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The communication problem between the researcher and the reader can be studied
using the decision framework above. Suppose that 0 = ~'B, where v € Weyx is a vector
of subjective weights of the readers that can be known or unknown to the researcher.
Here, I assume that the reader also wants an interpretable estimator, so v also belongs
to the set Weyx.

The modeling choice on « depends on the context or the goal of the researcher. I

consider the following three cases on the restrictions on ~:
1. A known v € Weyx.
2. An unknown v € Wgyx.

3. There is a known reference weight n € Weyx such that v = n 4+ 6, v € Wawx,
0 € Wevx, ||16]|p £ D, and D > 0.

In the above, Cases 1 and 2 can be viewed as special cases of Case 3. This is because
setting D = 0 in Case 3 corresponds to setting n = « in Case 1. Setting a “sufficiently
large” value in D in Case 3 corresponds to allowing for any v € Wy as in Case 2. This
is formalized and discussed further in Proposition D.4 of the Appendix. In the following,
I consider the first case where v € Weyx is known. The other cases are considered in

Appendix D.
When 0 is a weighted average of 3, (16) becomes

b=8-(vB)1,. (B.36)

Suppose the researcher is interested in bounding b using the £,-norm as in Example
4.2. The parameter space S(B) from (19) has to take (B.36) into account. Thus, I write the
parameter space for b as Sy(B,v) with ~ also as an argument below, in light of (B.36):

So(B,v) ={beR7:|b|l, < B,b=p3—(v'B)1, for some 8 € R7}. (B.37)
Lemma D.1 shows that the parameter space (B.37) has an equivalent representation as

S1(B,v) ={beR7:|b||, < B,v'b=0}.

Thus, the communication problem can be modeled via the framework introduced
in Section B.4.1 on shape restrictions. This is because v'b = 0 is equivalent to the
restrictions v'b < 0 and —~'b < 0. As a result, the maximum risk for a given v € Weyx
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can be written as follows using (B.35):

M(B,w,v) = B> max (w'b)>. (B.38)
beS1(1,7)

As before, (B.38) satisfies Assumption 4.9 on multiplicative separability as well. Shape
constraints as in Section B.4.1 can also be added to the parameter space S1(B, 7).

I provide further analysis and worked examples in Appendix D. The communication
and subjective weights aspect in my statistical decision-theoretic approach is also related
to models of scientific communication (such as Andrews and Shapiro (2021), Frankel
and Kasy (2022), and Kasy and Spiess (2024)), transparency (Andrews et al. (2020) and
the related discussion by Bonhomme (2020), Taber (2020), and Tamer (2020)).

B.5 Additional details for Example 4.8

Below, I return to the running example with the finite-sample model with two outcomes
for illustration. Suppose the Euclidean norm in S(B) is used to bound b = (b1, by)’.
B.5.1 Maximum risk

Since w; + wy = 1, the variance and maximum misspecification can be written as a

function of w; € [0, 1] as follows:

V(wy) = (1+ 05 —2002)w? 4 2(pos — 03wy + 03,

_ (B.39)
M(B,w) = B?||(wy,1 —w1)||5 = B2(2w? — 2wy + 1) = B?m(w,),

where I have further defined m(w;) = 2w? — 2w, + 1 for further convenience later.

B.5.2 Minimax problem

Using the optimal weights in (23), the minimax risk is

03 + B2 if 07 — poy, < —B?,

R*(B) = Rmax(B,wj(B)) = {1+ B2 if 1 — pop, < —B?, (B.40)
(1—p?)02+(1+02)B2+B4
1+05—2005+2B2

otherwise.
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B.5.3 Adaptive problem

Assume that B = [0,00] and po» < 1. The optimization problem for computing the

adaptive weight is

min
t,wi€R

s.t.

where V(wj) is defined in (B.39). The Lagrangian is

(B.41)

L=1t+M[RY0)"W(wy) —t] + A (4w? — 4wy +2 —t) + Az(wy — 1) + Ay(—w1), (B.42)

where {A;}}_; are the Lagrangian multipliers.

Recall from (B.39) that V(w;) = (1 + 05 — 2p02)w? + 2(pos — 03)w; + 03. Using (B.42),

the KKT conditions are as follows.

¢ Stationarity:

0=1-—A; — Ay,

(B.43)

0= AlR*(O)il[Z(l + 0'22 — 2p(72)w1 + 2(p0’2 — 0’22)] + /\2(8201 — 4) + Az — Ay4. (B.44)

¢ Primal feasibility:

(1+ 03 —2p00)wi +2(po> — 03

* Dual feasibility:

Z)ZU1—|-0'22_t<O

R*(0) -
4wt — 4w, +2 -t <0,
w1—1§0,

—w1§0.

A, Az, Az, Ay > 0.
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¢ Complementary slackness:

(1+ 02 — 2002)w? 4 2(po2 — 03)wy + 03

A 0 —t| =0, (B.50)
Ay (4wt — 4wy +2—1t) =0, (B.51)

Asz(w; —1) =0, (B.52)

Agqwy = 0. (B.53)

Note that R*(0) > 0 for each of the three cases shown in (B.40) for B = 0.
Proof of (27) for no corner solution. 1 start to analyze the case when w} = 0. In this
case, the implications on the KKT conditions are as follows.

¢ Implications on complementary slackness, i.e., (B.50) to (B.53):

At w} = 0, the conditions become
Mo —R*(0)t] =0, Ay(2—t)=0 and Az=0. (B.54)

Ay > 0 is otherwise unrestricted.
¢ Implications on primal feasibility, i.e., (B.45) to (B.49):
At w} = 0, the conditions (B.45) and (B.46) become

05 <R*(0)t and 2<t. (B.55)

¢ Implications on stationarity, i.e., (B.43) and (B.44):
At w] = 0 and (B.54), (B.43) remains unchanged, but (B.44) becomes

0 =2MR*(0) Yooy — 03) — 4y — Ay
= M[2R*(0) M (pop — 03) +4] — 4 — Ay, (B.56)

where the second equality uses (B.43) that A, =1 — A;.

Using the above implications on the KKT conditions, I consider different possibilities on
the Lagrangian multipliers. Note that A1 € [0,1] by (B.43) and (B.49).

1. Suppose that A; = 0. Then, (B.56) requires that A4 = —4, which violates (B.49).
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2. Suppose that A; = 1. The complementary slackness condition (B.54) requires
o5 = R*(0)t. (B.57)

From (B.40), the expression for R*(0) depends on whether 03 — po» < 0 holds or
not.
(a) Assume 03 — poy < 0, so R*(0) = ¢3. Since (B.55) requires t > 2, it violates
(B.57).
_ n2\2
(b) Assume 03 — poy > 0, so R*(0) = %. Butp € (—1,1), (B.49) and (B.56)
2
lead to Ay = 2R*(0) "1 (pcp — 03) < 0, which is violated by the condition.

3. Suppose that A; € (0,1). Then, (B.43) gives A, € (0,1). The complementary
slackness condition (B.54) requires

o5 =R*(0)t and t=2. (B.58)

Similar to the previous case, I analyze based on the expression for R*(0) depending
on whether 07 — po, < 0 holds or not.

(a) Assume 022 — poy < 0, so that R*(0) = (722. This means 022 = (7221‘, so t = 1 Thus,
(B.58) is violated.

(b) Asume 0’22 — poz > 0. Then (B.49) and (B.56) require that

Ay = AM[2R*(0) Y (pon — 03) +4] — 4
= 2\ R*(0) Yooy — 03) +4(A; — 1)
N — N——

<0 <0

<0,

which violates dual feasibility (B.49).

It follows that there is no A1 > 0 such that the KKT conditions can be satisfied so wj = 0
is not optimal.

Next, I analyze the case when wj = 1. In this case, the implications on the KKT
conditions are as follows.

¢ Implications on complementary slackness, i.e., (B.50) to (B.53):
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At w] = 1, the conditions become
M[I—=R*(0)t] =0, A(2—t)=0 and Ay=0. (B.59)

Az > 0 is otherwise unrestricted.
¢ Implications on primal feasibility, i.e., (B.45) to (B.49):
At w} = 1, the conditions (B.45) and (B.46) become

1<R*(0)t and 2<t. (B.60)

¢ Implications on stationarity, i.e., (B.43) and (B.44):
At w] = 1 and (B.59), (B.43) remains unchanged, but (B.44) becomes

0 = 2A1R*(0) 711 — po2) + 4As + A3
= M[2R*(0) (1 — poa) — 4] +4 + A3, (B.61)

where the second equality uses (B.43) that A; =1 — A;.

Using the above implications on the KKT conditions, I consider different possibilities on

the Lagrangian multipliers.
1. Suppose that A; = 0. Then, (B.61) requires that A3 = —4, which violates (B.49).

2. Suppose that A; = 1. The complementary slackness condition (B.59) requires
1= R*(0)t, (B.62)
and (B.61) becomes
Az = —2R*(0)"1(1 — po). (B.63)

Note that R*(0) > 0. But by the assumption that po» < 1, it follows from (B.63)
that A3 < 0. This violates dual feasibility (B.49).

3. Suppose that A; € (0,1). Then, (B.43) gives A, € (0,1). The condition (B.61) can be
further written as follows

2AR*(0)71(1 - po2) +4(1 = M)+ A3 =0, (B.64)
>0 >0
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The above implies that A3 < 0 using the assumption that po, < 1. This violates
dual feasibility (B.49).

It follows that there is no A1 > 0 such that the KKT conditions can be satisfied, so wj = 1

is not optimal. O

Proof of the interior solution in (27). Suppose that w} € (0,1). The KKT conditions are
given in (B.43) to (B.53). Note that the implications on the KKT conditions when w} €
(0,1) are as follows.

¢ Implications on complementary slackness, i.e., (B.50) to (B.53):

The conditions related to the Lagrangian multiplier for w; € [0,1] become
A3=0 and A4=0. (B.65)

A1, Ay > 0 are not further unrestricted.
¢ Implications on primal feasibility, i.e., (B.45) to (B.49):

They impose restrictions conditions on ¢.

(1+03 —2p00)wi +2(p0y — 0F)ws + 07 _

(0) and 4w? —4w; +2 <t (B.66)

¢ Implications on stationarity, i.e., (B.43) and (B.44):

(B.43) remains unchanged, but (B.44) becomes
0= A R*(0) 71 [2(1 + 07 — 2000)wy + 2(pos — 03)] + (1 — A1) (8w, —4)  (B.67)
where the equality uses (B.43) that A; = 1 — A;. This can be rearranged as follows:

_ M[R¥(0) (03 — poa) — 2] +2
~ M[R*(0)"1(02 — 2002 + 1) — 4] + 4

The result in the example follows by changing A; to 1.

B.6 Additional details for Remark 4.7

This subsection provides additional results for Remark 4.7. The following lemma charac-
terizes the minimax solution for the limiting case as B — oo, and show that the optimal
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solution will tend to focus on minimizing m(w).

Lemma B.10. Let Assumption 4.9 hold and m(w) be strictly convex and continuous in w €
WCVX' Thei’l, LZS B H OO,

w*(B) — argmin m(w),
wEWeyx

where w*(B) is the solution to the minimax problem as defined in (22).

Proof of Lemma B.10. The set Wcyx is compact. Note that V(w) is continuous in w. In
addition, M(B, w) = maxpeg(p) (w' b)? is continuous due to the Berge maximum theorem
(see, for instance, Aliprantis and Border (2006, Theorem 17.31)). It follows that V(w) and
m(w) are bounded on w € Wey. In addition, let w,, = arg min,, .y, m(w). As such,
define Cy = maxyenw,,, |V(w) — V(wy)| > 0. Hence, for any w € Weyy, it must be that
|V(w) — V(wy)| < Cy. In particular, the following must hold

V(w) — V(wy) > —Cy. (B.69)

For any § > 0, let Wy,(6) = {w € Wevx : ||w — wp||2 > 6}. This is a set that is not in

a small neighborhood of w,. By the continuity and strict convexity of m(w), there must
exist e¢5 > 0 such that

m(w) > m(wy) + €5, (B.70)

for any w € Wy (9).

Recall the maximum risk function Rmax(B, w) defined in (20). For any w € W),(J),

Rmax(B,w) — Runax (B, wy) = V(w) + B*m(w) — V(wy,) — B*m(w,,)
= [V(w) = V(ww)] + B [m(w) — m(wn)]
> —Cy + B2, (B.71)

where the inequality follows from (B.69) and (B.70).

Now, pick By = E—: +1 > 0 such that —Cy + B%Sg > 0. Using (B.71), this means for
any B > By, I have

Rumax(B, w) — Rinax (B, wy,) > —Cy + B?es > —Cy + Bies > 0, (B.72)
for any w € Wy, (9).

Recall that w*(B) is defined as the minimax solution as in (22). This implies that
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Rmax(B, w*(B)) < Rmax(B, w) for any w € Wey. In particular,
Rmax(B,’w*(B)) < Rmax (B, wy,). (B.73)

Then for any B > By, (B.72) implies that w*(B) € Weyx\Wmn(6). This is because if
w*(B) € Wy (), then Rmax(B, w*(B)) > Rmax(B, wy,), contradicting (B.73).

The above have showed that for any § > 0, there exists By such that for any B > B,
w*(B) € Wox\Wi(6), or equivalently, |w*(B) — wp||z < 6. Therefore, the proof is
complete. O

The intuition is that as B becomes so large, the effect of not putting emphasis to the
information from the variance matrix is “negligible.” Hence, the researcher should focus

on minimizing m(w) instead of hedging against variance reduction.

The following corollary is a consequence of the lemma above. It shows that when the
¢,-norm is used to restrict b for p € (1, 0), then the optimal weight as B —; o is to put

equal weights on the outcomes.

Corollary B.11. Consider the same assumptions and notations as in Lemma B.10. Suppose the
parameter space in (19) is used with the £,-norm with p € (1,00) as in Example 4.2. Then,

lim w*(B) = %1,7.

B—o0

Proof of Corollary B.11. Let {y~-norm be the dual norm of the £,-norm. Then, m(w) =

Hw”%}* where p* = - from Example 4.2. By the definition of ¢,~-norm, m(w) =

p—1

2 . *
[E?:l h(w;)]?* where h(w;) = [w;|P". Since w € Weyx, h(wj) = w]p forj=1,...,q.

Letajzlforj: 1,...,9. Then,

1 Yl ah(w)) Y] e PN

Ly ) = Z L s () g =g,

q j=1 E]':1 aj Z:j:l aj
where the first inequality follows from Jensen’s inequality since h is convex (see, for
instance, Proposition 3.8 of Aragoén et al. (2019)), and the second equality holds be-
cause ?:1 wj = 1 for any w € Weyx. Since p* € (1,00), equality holds if and only
if wj are the same for all j = 1,...,4. Recall the support of w is Wy, it follows that

: _ 1
argmin,, .y, m(w) = i1 O
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B.7 Alternative procedures for inference

In this section, I discuss alternative approaches for conducting inference around . Sec-
tion 4.5 focuses on conducting inference using FLCI around 6. This section examines
additional large-sample properties of the estimated weights by viewing T as estimators

estimated from the constrained optimization problems introduced in Sections 4.

In this subsection, I establish the large-sample properties for the weights obtained
from the minimax problem in (21) using an estimated weights. Let £, be a consistent
estimator of X and define

wy, = argmin R\maxln(B,w) where R\maxln(B,w) = w'T,w + M(B,w). (B.74)
wWE Weyx

The minimax problem (21) has a similar structure to Section 3.4.1 in that both ap-
proaches consider the same class of weights .. The difference arises from adding
the extra term M(B,w) to the objective. The results in this section can be viewed as an
extension to the results in Section A.7.4. I am going to impose Assumption A.25 for the
analysis. First, I consider the probability limit.

Proposition B.12. Let Assumption A.25 hold and consider a finite B > 0. Consider w, as
defined in (B.74). Let w*(B) be the optimal solution to the minimax problem (21) as defined in
(22). Then, W, —— w*(B).

Next, I show the limiting distribution below.

Proposition B.13. Consider the same notations and assumptions as in Proposition B.12. Let
w(¢) be the optimal solution to the following program:

min  [Ryax(w, B) + ¢'w], (B.75)
wEWevx

where { € RY. Then,

B.7.1 Supplemental lemmas and their proofs

Lemma B.14. Let Assumption A.25 hold. Consider (B.74). Let w*(B) be the optimal solution
to (21) as defined in (22). Define d,(w) = ﬁmax,n(B,w) — Ryax (B, w) for a given finite B > 0
and w € Weyx. Then, d,,(w) is Lipschitz continuous and differentiable at w*(B).
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Proof of Lemma B.14. To begin with, note that d, (w) can be written as
dn(w) = Rimaxn (B, w) — Rimax(B, w) = w' (L, — Z)w. (B.76)

The above is differentiable at w*(B). For Lipschitz continuity, note that for any w, w; €

= [ (w1 +wy)' (Z — E) (w1 — wy)|

< w) (Zy — ) (w1 — wy)| + [w) (T, — ) (wy — wy)]

< Jlwi |20 — Z[llwr — wall2 + [|wall2]|Zn — || ¢[lwr — wall2
< 2| — E[Fllwr — wall2,

where the first inequality follows from the triangle inequality, the second inequality fol-
lows from the Cauchy-Schwarz inequality, the third inequality uses max,ew,, ||w|2 <
1. Hence, d;, is Lipschitz continuous. L]

Lemma B.15. Consider the same notations and assumptions as in Lemma B.14. Then,
IVdn(w)|l2 = Op(n~"2).

Proof of Lemma B.15. From (B.76),
Vd,(w) = 2(Z, — Z)w. (B.77)

Hence,
|Vdu(w)|2 < 2||Zn — Zr (B.78)

where the inequality follows from the Cauchy-Schwarz inequality and that ||wl; < 1.
Here, £, — X = O]p(n_l/ 2) by Assumption A.25(c). Thus, the result follows. O

Lemma B.16. Consider the same notations and assumptions as in Lemma B.14. Then, there
exists a neighborhood W of w*(B) such that

sup ——
wew 17 V2+ [lw —w*(B)]|2

[Vdn(w) = Vdn(w*(B))lla _ op(1)
| .
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Proof of Lemma B.16. To begin with, note that

IVdu(w) — Vdu(w*(B)) ]2 = [12(Z4 — ) (w —
< 2[|Zy — Zf|pflw —

w”(B))|2
w”(B)]2, (B.79)

where the first equality uses (B.77) and the second line uses Cauchy-Schwarz inequality.

Hence,

I Cdn( ) — Vdu(w*(B))ll2 IZ — Z[¢]lw — w*(B)]|2 5
<2 <2||X; — X||, B.80
—1/2 4 ||w w*(B)||2 n1/2 4 ||lw—w*(B)|. — IZn e (B.80)

|[w—w*(B)|
n~ 12+ |w—w*(B)[2 =

1. The result follows from Assumption A.25 that £, is a consistent estimator of Z. The

where the first inequality uses (B.79) and the second inequality uses

neighborhood can be taken to be a small ball around w*(B). O

Lemma B.17. Consider the same notations and assumptions as in Proposition B.12. Let w(¢) be
the optimal solution to (B.75). There exists a neighborhood 'W of w*(B) and a positive constant
Cy such that for any ¢ in a neighborhood of 04, (B.75) has an optimal solution w(¢) € W and

Ryax(w, B) + ¢'[w — @W(¢)] > Ryax(W(¢), B) + Collw —w(C) |13, (B.81)
for any w € Weyx NW.

Proof of Lemma B.17. To begin with, the objective of (B.75) is strictly convex in w €
Wevx. It follows that the optimal solution w(¢) is unique. The minimum eigenvalue
of L is also bounded below from 0 because L is assumed to be positive definite in
Assumption A.25(b). Note that Rmax(w, B) = fi(w) + fo(w) where f;(w) = M(B, w)
is convex in w, f(w) = w'Lw is twice continuously differentiable, with V2f,(w) = L.
It follows from pages 832 to 833 of Shapiro (1993) that the statements of this lemma
hold. O

B.7.2 Proofs

Proof of Proposition B.12. Write M, (w) = —ﬁmax,n(w,B) and M(w) = —Rmax(w, B)
for any w € Weyx and a finite B > 0. I also write wy = w*(B). I show that the
proposition holds by verifying the assumptions in Theorem 2.12(i) of Kosorok (2008).

First, suppose that for some sequence in {wy,} € Weyy, liminf, o M(w;,) > M(wy)
but ||w, — wp|lz — 0 does not hold. This means there exists ¢ > 0 and a subsequence
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{wy, } such that
||’L/U\nk — 'w0||2 > €. (B.82)

Note that Rmax(w, B) is strictly convex in w € Weyx. As a result, using a similar argu-
ment as in (B.14) and (B.19), and noting that wy is the optimal solution to the minimax
problem, it follows that for any w € Weyx, Rmax(w, B) > Rmax(wo, B) + «||w — wy||3 for
some k > 0. Such x can be taken to be %Amm():) where Apmin(X) is the smallest eigenvalue
of . Here, x > 0 because X is positive definite. This means

—M (@) > —M(wp) + x| @, —woll3 > —M(wp) + xe’, (B.83)

where the first inequality follows from the preceding discussion on strong convexity and
the second inequality uses (B.82). Rearranging (B.83) gives

M(wp) — ke? > M(Wy,).

This implies that M(wg) — xe? > lim infy_,, M (Wy, ) > liminf, e M(w,). This contra-
dicts liminf, . M(w,) > M(wy). Hence, the hypothesis in Theorem 2.12 of Kosorok
(2008) holds.

Next, My (Wn) = sup,,cyy,.  Mn(w) by property of the minimax problem. In addition,
for any w € Weyx,

[My(w) = M(w)| = Jw'(Zy — E)w| < ||Z0 = E[lp[wl} < |24 — ZIF.

It is assumed that £, — I by Assumption A.25. Hence, ||Z, — Z||r = op(1). As a result,
this implies that sup,,cyy, |Mn(w) — M(w)| 75 0. The assumptions in Theorem 2.12(i)

of Kosorok (2008) also hold. Hence, the consistency result of this proposition follows. [J

Proof of Proposition B.13. With the given assumptions, (21) has a unique optimal solu-
tion following the discussion in (4.3). Hence, Assumption Al of Shapiro (1993) holds.
Next, Assumptions A3, Bl to B3 of Shapiro (1993) also hold from Lemmas B.14 to B.17.
wy, is also consistent for w*(B) by Proposition B.12. It follows from Theorem 2.1 of
Shapiro (1993) that

@y = w(Vd,(w*(B))) 4 op(n~1/2). (B.84)

Since w*(B) = w(0y), I obtain the following from (B.84):

Vit —w* (B)) = v/t [(Vdy(w* (B))) — w(0,)] +op(1),
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where Vd, (w*(B)) is given in (B.77).
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C Details on computation

This section studies how the minimax and adaptive approaches can be implemented in

practice to compute optimal weights to average the treatment effects.

C.1 Minimax approach

The minimax problem in (21) is strictly convex in w € Weyx. Hence, convex optimization
algorithms can be applied. With specific choices of norms and parameter spaces, the
problem of finding the minimax optimal weights can be written as a quadratic program,

so that modern solvers such as Gurobi, can be immediately applied.

In the following subsections, I discuss computation for the parameter spaces consid-
ered in Section 4.2 and how the computational problems can be written as one optimiza-

tion problem. I consider computation with a finite B > 0.

C.1.1 Computation for parameter space that bounds misspecification

To begin with, suppose that the researcher places a bound on the misspecification as
in Example 4.2. When the /1-norm is used in the parameter space (19), the maximum
misspecification can be written as M(B, w) = B?||w||3, = B*max;_,, w]2 because w; €
[0,1] for j = 1,...,4. Then, the optimization problem becomes the following quadratic

program with linear constraints:

min (w'Zw + B%?),
weRT, teR
st. w < tl,,
oo
wl; =1,
w > 04,

where the auxiliary variable ¢ is used to constrain that ||w||3, = maxj_y, wjz equals the
smallest t such that t > w; forj = 1,...,9 (see, for instance, Bertsimas and Tsitsiklis
(1997, page 17)).

Similarly, when the ¢;-norm is used in the parameter space as in Example 4.2, then
M(B,w) = B?|w||3. The optimization problem becomes the following quadratic pro-

gram with linear constraints:

min  w'(Z + B2I,)w,
welRT
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4o
st. wl; =1,
w > 0.

C.1.2 Computation for parameter space that has shape restrictions

Next, suppose shape restrictions are imposed as in Example 4.3 or Section B.4.1. Con-
sider the shape constraints as described in (B.33). Then, the minimax problem can be
written as

min (w'Zw + 2),
weEWeyx, tER

(C.1)
s.t.  max { <~max 'w’b) , (Nmax —w'b> } <t
beS(B) beS(B)

The inequality constraint can be further written as two constraints max,cgp) w'd < t
and maxycg(p) (—w'd) < t. Since S(B) # @ is assumed in Section 4.2, Slater’s condition
(Boyd and Vandenberghe, 2004, Chapter 5.2.3) is satisfied when there is a point such
that strict inequality holds. Assuming that this is true, it follows that the program can
be written as

max w’b = min max |[w'b+ u/ (r — Qb
beS(B) >0, {|b|p§B [ wir—Qb)

= min 'r+ max (w—Q'u)'b
min | p X (w— Q')

= mi ! B - Q' * 2
min (u'r +Blw—Q'ully), (C2)

where the first equality follows from the corresponding Lagrange dual problem (see,
for instance, Boyd and Vandenberghe (2004, Chapter 5)) and the third equality follows
from properties of dual norm (see, for instance, Boyd and Vandenberghe (2004, Chapter
A.1.6)) with the £,+-norm being the dual norm for the £,-norm. Similarly, I have

max (—w'b) = min 'r + Bllw + Q' | C3
mex (~uw't) = min('r + B+ Q) 3

Since both (C.2) and (C.3) are optimization problems over their corresponding La-

grange multipliers, it follows that the minimax problem under the shape-constrained
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parameter space (B.33) can be written as
weRY, telRl:n;i?e]R’, o €R! (w’):w i tz)'
st phr+Blw— Q| <t,
por + Bllw + Qo < t,
w'lq =1,
w > Oy,

(C.4)

p1 > 0,
p2 > 0.

When the /;-norm is used in the parameter space in (B.33), problem (C.4) again be-

comes a quadratic problem.

C.1.3 Computation for parameter space on the communication model

The exact computation procedure depends on modeling assumption on v € Weyx. Sup-
pose that v € Wy is known (i.e., Case 1 of Section B.4.2). This can be formulated as
a shape-constrained problem as in Section B.4.1. Therefore, the optimization program

/
(C.4) can still be applied by setting Q = ( K /> .

C.2 Adaptive approach

As in Section C.1, computing the optimally adaptive weight for (25) can be formulated as
a single convex optimization problem. This is because the adaptive regret is a maximum
of two convex (or strictly convex) functions in w € Weyx over a compact set. In addition,
the optimization problem for the adaptive weights has the following epigraph form (see,
for instance, Boyd and Vandenberghe (2004, Chapter 4)):

min t,
welRY, t€R
st. AB,w) <t
A(B,w) < t, (C.5)
w’lq =1,
w > 04
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Similar to Section C.1, I discuss computation for different parameter spaces consid-
ered in Section 4.2, and how formulating them as a single optimization problem that can

readily apply modern solvers is possible.

Remark C.1. With the penalized formulation discussed in Remark 4.12, the optimization
problem can be modified slightly from (C.5) as follows:

min t,
weRY, teR
st. A(Bw) +x|w|3 <t
A(B,w) +«||w|3 < t,
w'lq =1,
w > Oy,
for k > 0. [

C.2.1 Computation for parameter space that bounds misspecification

Suppose that the researcher places a bound on the misspecification as Example 4.2. Then,

the adaptive regret at a specific B > 0 and w € W.yx can be written as A(B,w) =
/Z +B2 2*
wrwtB Jeolly using (20) and (24). Therefore, problem (C.5) can be further written as

R*(B)
min t,
welRY, telR
st. w'EZw + B||wl[3. < tR*(B),
w'Sw + B’ |w|2. < tR*(B), (C.6)
w'l, =1,
w > 0.

In the above, note that R*(B) and R*(B) are the minimax risks that are inputs to the
program. When the /,-norm is used in (19), then p* = 2, so (C.6) becomes a quadratic
program. This is because the objective and the constraint for w € Weyx are linear, the

two inequality constraints are convex quadratic functions.

C.2.2 Computation for parameter space that has shape restrictions

Suppose shape restrictions are imposed as in Section B.4.1 with the parameter space as

in (B.33). A similar technique involving epigraph and Lagrangian dual formulation as in
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Section C.1.2 can be applied. Therefore, problem (C.5) can be further written as follows

min t,
wERq/ tER/ Nl,l/lj'l,ZIIJ'Z,l/I"'Z,ZGRl
uq,1,U1,2,Up1,U2p ER 4

st. w'Zw+ ”%,1 < tR*(B),
w'Ew + ui, < tR*(B),
piar + Bllw — Q' il pr < uag,
pior + Bllw + Q' < urp,
w'Ew + u5; < tR*(B), (C.7)
w'Ew + u3, < tR*(B),
17 + Bllw — Q' o+ < 1z,
o7 + Bllw + Q' o < uzp,
w'lq =1,
w > Oy,

M1, 1,2, 21, 122 = 0.

Similar to (C.6), R*(B) and R*(B) are the minimax risks that are inputs to the pro-
gram. When the /;-norm is used in (B.33), then p* = 2, so (C.7) becomes a quadratic
program.

C.2.3 Computation for parameter space on ambiguity in communication

The exact computation procedure depends on the modeling assumption of v € Weyx.
Suppose that v € Weyx is known (i.e., Case 1 of Section B.4.2). This can be formulated
as a shape-constrained problem as in Section B.4.1. Therefore, the optimization program
(C.7) can still be applied by setting @Q as in Section C.1.3.
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D Communication and subjective weights

D.1 Some preliminary results for the finite-sample model

Recall from (15) that B ~ N(B,X) where X is known. The misspecification is captured by
b = 3 — 01,. The additional restriction in this section is that 6 = ~v'3, where v € Weyx.

Thus, the vector of bias can be written as

b=p—(vB)1, (D.1)

I explore various restrictions on = in this section.
The following lemma is helpful in connecting with the previous results.

Lemma D.1. Consider B > 0, v € Weyx, and the following sets

So(B,v) ={beR7:|b||, < B,b=pB—(v'B)1, for some 3 € R},
S1(B,v) ={beR7:|b||, <B,~b=0}.

Then, S()(B,’V) = Sl(B,’)’).

Proof of Lemma D.1. For any x € Sy(B,7), there exists 3 € RY such that x = 3 —
(7'8)1,. Hence,

Yo =vB-7'8(v1) =vB-+8=0,
because v € Weyx. Inaddition, |||, < Bsince x € So(B, 7). It follows that = € S1(B, ).
This means Sy(B,~) € S1(B, 7).

Now consider any « € S1(B,v) and t € R. Let y = « + t1,. Then,
y— (Yy)lg=z+1t1,— (Y +t71)1, =z + 1, — t1, = z,

where the second equality holds because v’ = 0 as « € Si(B, 7). Since x|, < B also
holds, it follows that « € Sy(B, ). This means S1(B,v) C Syp(B,~). Therefore, the proof
is complete. O]

The above lemma is useful in that under the model (15), (D.1) and that ||b||, < B,

/

finding the “worst-case b” does not require searching over 3 € IR7 as well. It only

requires an orthogonality condition 4'b = 0.

121



D.2 Known 7

This corresponds to Case 1 of Section B.4.2. Suppose v € Weyx is known to the re-
searcher. In this case, the maximum risk is a function of w € Wy« (to be chosen) by the

minimax/adaptive problem and a known v € Weyx.

In this and the later subsection, I focus on using the £, norm to restrict b. In addition,
I will be using the orthogonal restriction version of the parameter space (i.e., the space
S1(B,7)) in Lemma D.1. In this subsection of a known v € Wy, I will write the

parameter space as
S1(B,v) = {b € RY: [b], < B,'b =0}, (D2)

for some p > 1. Shape restrictions, as in Examples 4.3, can be incorporated if needed.

Using the risk function in (18), the maximum risk is given by

Rmax(B, w,~v) = begl?l;(y) [w'Zw + (wlb)z]
1\D/,

= V(w)+ M(B,w,7), (D.3)

where V(w) = w'Ew and M(B, w,~) = maxyeg, () (w'b)?.

Next, let w = w — ﬁ’y. Then, for any b € S1(B,7),
!/ /
b
w'b = @b+ % — @'b, (D.4)
Y2

where the second equality follows because v'b = 0 for any b € S;(B, 7).

Let the Kp*-norm be the dual norm of the ép-norm that satisfies % + % = 1. Then,

M(B,w,v) = max (w'b)’= max (w'b)’>=DB> max (@'b)? (D.5)
( ) beSl(Bﬁ)( ) beSl(Bﬂ)( ) Besl(m)( )

where the first equality uses the definition of the maximum risk in (D.3), the second

equality uses (D.4), and the third equality reparameterized b by defining b such that

Bb = b and that b € S;(1,7). In the above, the objective (w'b)? = b’ (ww')b is convex

in b. In addition, the set Sj(1,7) is nonempty and compact. Hence, by Bauer’s max-

imum principle (see, for instance, Niculescu and Persson (2018, Corollary A.3.3)), the

122



supremum is attained at an extreme point of the set S1(1,7).

Note that from (D.5), the maximum bias function is multiplicatively separable in that

it can be written as
M(B,w,v) = B*m(w,7), (D.6)

where m(w,~y) = maxge s, (1.+) (@w'b)? = MaXp g (1) (w'b)? using (D.4).

To illustrate the solution to the minimax problem, I consider an example with two

outcomes below.

Example D.2 (Known «). Suppose g = 2 and that (31, Ez) are normally distributed as in
Example 4.8. Let w = (wq, w;)’ and v = (771, 72)’. Since w, v € Weyx, the weights can be
written as w = (wy,1 —w;)’ and v = (71,1 — 71)’. Assume that the ¢,-norm is used in
S(B,7) so that the dual norm is also the /;-norm. Then,

~ w'y 71— Wy 7 —1
Gmw_ YUY , (D.7)
Bl 'r%+(1—71)2< " )

Using the expression of w in (D.7), the ¢;-norm is given by

(y1—w)? wi—2wiy+3

Jwlf5 = = . (D.8)
2T+ (1-m)? B+ (1-m)?
Using (D.6) and (D.8),
— _ B2(w? — 2w + A2
M(B, wy, m) = B |3 = 21— 2t ) (D.9)

Y4 (1—71)2

Together with the expression of V(wj) given in (B.39), the minimax problem under

maximum risk (D.3) can be written as follows

R*(BI,Yl) = min RmaX(Blwllr)/l)l

w1e [0,1}
where

Rmax(B/ w1, ')’1)
B2(w? — 2w171 + ) (D-10)
73+ (1—m1)?

=(1+ 022 — 2p<72)w% +2(poy — Uzz)wl + 022 +
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The first-order condition for (D.10) with respect to w; leads to

% —pnt 72+?izlvl)2
w7 ine(B, M) = P R — (D.11)
TR ATy
The optimal solution wj (B, 1) to the minimax problem above is
0 if B2y < [7f + (1= 11)*] (o2 — 3),
wi(B,11) =11 if B2(1— 1) < (po2 — D)[v2 + (1 — 1), (D.12)

w) (B, 1)  otherwise.

Below are some observations from the optimal solution wj(B, ;) in (D.12). First,

consider B = 0. This corresponds to the case that by = by = 0. The interior weight in
03 —p

1+03—2p0,

when B = 0 in minimizing variances. If the DGP satisfies o — poy < 0, then it is optimal

(D.11) becomes w7 ;. (0,7) = . This coincides with the optimal weight in (23)

to set w3 (0,71) = 0 because the second treatment effect is more precise.

As B increases, it may not be optimal to place all weights on one of the treatment
effects even if one is noisier than the other. When B > 0, the optimal weight considers

both variances and the bias due to w; not matching 7.

As B — oo, the optimal weights are such that limg_,o, wj(B,y1) = 1. This means
choosing w to match ~. This follows because, as the bias of the treatment effects can

grow to infinity, the loss of not matching the true ~ also grows to infinity. A

The above example demonstrates that even if 6 is a known weighted average of treat-
ment effects, it is not always optimal to choose w to match - because the true mean 3 is

unknown.

D.3 Unknown 7y

This corresponds to Case 2 of Section B.4.2 that assumes v € Weyx is unknown to the

researcher. As discussed in Lemma D.1. I will write the parameter space as

$2(B) = {(b,7) € R¥: [[b]l, < B,4'b= 0,7 € W}, (D.13)
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for some p > 1. Here, the maximum risk is maximizing over b € S(B) and v € Wy as
follows:

Rimax(B,w) = max R(w,~,
(B, w) (bﬁ)esz(B)( v,8)

—wIZw+ max (w'B)?
(b/7)682(B)( /6)

= V(w) + M(B,w), (D.14)

where V(w) = w'Ew and M(B, w) = maxp,)es,(5) (w'b)*.

Similar to Section D.2, I can reparameterize b = Bb so that the maximum bias squared
can be written as

M(B,w) = B> max (w'd)?= B>m(w), (D.15)
(by)eSa(1)
where m(w) = max ;. es, (1) (w'b)2. Numerical methods can be used to compute 1 (w).

Using (D.15), the minimax problem is

min Rpax(B, w). (D.16)
weWw

To illustrate the solution to the minimax problem (D.16), I consider an example with
two outcomes below.

Example D.3 (Unknown ~). Consider the same setup and notations as in Example D.2,
except that the minimax problem (D.16) is considered.

Recall that (D.9) gives the maximum misspecification for a given B > 0, w; € [0, 1]
and 1 € [0,1]. The maximum misspecification in (D.15) when 7 is unknown becomes

— 2 _ 2 2
M(B,w;) = max M(B,w;, 1) = B> max w12 w1Y1 ""271.
el nebl R+ (1-mn)

(D.17)

wi—2w1 71477
ri+1-7)?
tremum value theorem states that the maximum is achieved in [0,1]. In the following, I

show that

Since m(wy, 1) = is continuous in y; for any given w; € [0,1], the ex-

M(B,w;) = B> max{w?, (1 — w;)?}. (D.18)
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This means I want to show that the maximum cannot be achieved in (0,1). Note that

om(wy, 1)  2(y1 —w)[(2wy — 1)y + (1 — wl))_

mo 73+ (1= m)?
Hence, the critical points can be y; = w; or 77 = ;"u}l—ill When 7, = wq, then

m(wy,w1) = 0. But m(wq,v1) > 0, so m(wq,0), m(wq,1) > m(wy,wy). Now consider

T = ;Z}l__ll. Then, for any w; € [0, 1], the critical point 7 .(w1) = f’u}l—__ll can only be in-

side [0,1] when w; = 0 and w; = 1. To see this, first note that 7] (w) = %ﬁ%{l) =

—L __ sothat 9, (w;) > 0 for w; € [0,1]. In addition, lim,, g5+ Y1 c(w;) = —oo and
(2w1—1) lc 1 /

limg, 05~ Y1,c(w1) = +00. At wy = 0, 91,(0) = 1. Then, vy (w;) > 1 for wy € [0,0.5].
Atwy =1, 71.(1) =0. Then, y1.(wy) <0 for wy € [0.5,1]. Therefore, (D.19) holds.

It follows that the maximum risk is
Rmax (B, w1) = V(w1) + B> max{w?, (1 — wy)?}. (D.19)

To compute the optimal weights, there are two cases to consider depending on the value
of w;. First, suppose that wy € [0,1), so that max{w?, (1 — wy)?} = (1 —w;)2 Using
(D.19) with the expression of V(wy) given in (B.39), the minimax problem can be written
as follows

R*(B) = min [(1+4 03 —2000)w? +2(p02 — 03)wy + 03 + B>(1 —w;)?].  (D.20)

wle[O,%]

The optimal solution to (D.16) is given by

0 if 07 — poy < —B?,
wi,(B) =<3 if 2 —1> —B?, (D.21)
2 2
0 02 tB otherwise.

1402 —200,+B2

In the above, the interior solution is obtained from taking first-order conditions. The
boundary solution follows from analyzing when the boundaries are hit and from noting
that 1 + 0% — 2p0 + 2B? > (1 — 03)? +2B% > 0.

The way how B affects w7, (B) is similar to Example D.2. When B = 0, the solution
w7 1(0) focuses on variance minimization as long as w is inside the domain [0, %] As B

increases, the optimal weight takes the bias into account.

Now, suppose w; € (%,1], so that max{w?, (1 — wq)?} = w?. Using (D.19) with the
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expression of V(wy) given in (B.39), the minimax problem can be written as follows

R*(B) = min [(14 03 —2000)w? +2(p0y — 03)w; + 05 + B>w?]. (D.22)

wl€[%,1}

The optimal solution to (D.16) is given by

: if 1 —03 > —B?
wi,(B) =<1 if 1 — poy < —B?, (D.23)
2
2P otherwise.

1402 —2p07+B2

Based on the optimal solutions in (D.21) and (D.23), the optimal solution to the mini-
max problem ming, eyy Rmax(B, w1) is wy ;. (B) where j* = argmin;_; , Rmax(B, wy ;(B)).
A

D.4 Reference weight

This corresponds to Case 3 of Section B.4.2, where I assume that there exists a known
reference weight 7 € Weyx such that v = n+ 6, v € We, |0]| < D, and D > 0.
This can be interpreted as a researcher who believes that a certain vector of weights n
is likely to be the true weights on 3 for 6, but there is some ambiguity around 7. The
vector d represents such ambiguity, and the norm of 4 is bounded above by some D > 0.

Therefore, the parameter space can be written as

83(81 D/ 77)

(D.24)
= {(by) €R : ||b]|, < B, ||6]l, < D,y =1n+06 € Weux, (n+8)'b =0},

where B,D > 0 and 7 € Weyx.

The following proposition summarizes that the two cases discussed in Sections D.2
and D.3 can be viewed as special cases of the general “reference weight” case.

Proposition D.4. Let B > 0 and ng € Weyx be given. Consider the notations and parameter
spaces described in (D.2), (D.13), and (D.24).

(a) If D = 0, then

S3(B,0,m0) = {(b,7) €ER* : b€ S1(B, M),y =m0}
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(b) If D > D where D = maxyew,,, ||y — n0l|p, then

S3(B,D,mo) = Sz2(B).

Proof of Proposition D.4(a). Suppose that D = 0, this implies that § = 0,. Hence,
~ + & =~ = mp. This means S3(B, D, n) in (D.24) becomes

83(B/O/770) = {(b/'Y) € R¥ : ||b||p <B, ”(sHp <0,v=m0+6 € Wux, ("70“‘5)/1) = 0}
= {(b/'Y) € R¥: ||b||r7 <B,y=mp€ chx;n(/]b = 0}
= {(b,7) € R* : b € S1(B,m),y =m0},

as desired, where S1(B, np) is given in (D.2). O

Proof of Proposition D.4(b). Let S;(B) be a given in (D.13). For any (b,~) € S3(B, D, no),
I have v'b = 0, v € Weyx and ||b||, < B by construction. Hence, (b,y) € S»(B). This
shows that S3(B, D, mg) € S»2(B).

Next, for any (b,~) € S»(B), write d4 = v — 19. Then, by definition, it must be that
16+1lp = llv = molly < maxyew,,, [ly —moll, < D. In addition, |[b]|, < B, v € Wevx and
~'b = 0 by the definition of S;(B). It follows that (b,~) € S3(B, D, np). This shows that
S2(B) € S3(B, D, ng). Hence, the proof is complete. O

Using the parameter space given in (D.24), the minimax problem is

R*(B,D,m) = min Rpax(B,D,w,n), (D.25)

wEWeyx

where the maximum risk is given by

Rmax(B,D,w,n) = max [w’):'w + ('w’b)z]
(b/7)€83(B/D/77)

=wZw+  max  (w'b)?
(b17)653(B/D/77)

= V(w) + M(B,D,w,n), (D.26)

where V(w) = w'Ew and M(B,w,y) = maXp)es,(8,0,n7) (w'd)*.

Similar to Sections D.2 and D.3, I can reparameterize b = Bb so that the maximum

bias squared can be written as

M(B,D,w,n) = B> max (w'v)?> = B*m(w,D,n), (D.27)
(b/7)683(1/Drn)
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where m(w, D,n) = maxg g, (1,0 (w w'b)?.
To illustrate the solution to the minimax problem, I consider an example with two

outcomes below.

Example D.5 (Reference weight). Consider the same setup and notations as in Examples
D.2 and D.3, except that the minimax problem (D.25) is considered. In addition, let
D > 0 in this example.

Let n = (171,12)" and § = (81,6,)". Since it is required that n + 3§ € Wy and 1 €
Wevx, it must be that 7, = 1 — 77 and that 1+ (61 + 6,) = 1. Thus, é, = —46;. Hence,
the restriction that D > ||d]|2 can be rewritten as D > (6% + (5%)%. Since D > 0, this
restriction is equivalent to |d1| < f = D. Hence, the parameter space S3(B, D,n) can
be specialized in the following form in the current example:

S3(B,D,n1) = {(by, by, 61) € R®: b2 + b3 < B?,
01 < D,
1 =6+me(01],
b1 + (1 —~y1)ba = 0}.

(D.28)

Here, 51 + 171 € [0,1] is the same as n + § € Wy in this example. To see this, note that
1+ 0 € Wevx requires n + 6 > 0, and (n+6)'1;, = 1. (n+4)'1, = 1 is always satisfied
by the parameterization at the beginning of this example because (n + )1, = (11 +1 —
m)+ (01 —61) = 1. n+ 6 > 0, requires 177 + 1 > 0 and 1 —#; — 1 > 0. Combining
these two inequality constraints gives the second last condition in the parameter space
(D.28). For the last condition, it follows directly from v'b = 0.

Note that (D.28) can be further simplified as follows. This is because |§;] < D can
be written as —D < §; < D. 6 + 71 € [0,1] can be written as —1; < 61 < 1— 1.
Combining both inequalities give max{—#;, —D} < & < min{D,1 — 11 }.

Since 5,171 >0, let
S3(D,m) = {51 €R: —min{m, D} < 6 < min{D,1— ;71}} . (D.29)

Using the derivation in (D.9) and (D.17) but with v replaced by 41 + 71, the maximum
misspecification can be written as

_ ~ 2_ 9o 5 5 2
M(B,D,wy,m) = B> max w1 wi(d+m) + (01 +m) . (D.30)

5,€8(Dy) (01 +111)% + [1— (61 +171) ]2
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Lett = &1 + 11, v, = —min{n, D} 41 and 7; = min{D,1 — 11} + #1. Then, (D.30)

can be written as

2 2 2
-~ — 2wt +t —t
M(B, D, w1, 1) = B> max el L B? max (w1 = 1)

= — D.31
tely,m) 2+ (1—1)? tely,m) 2+ (1= 1) (D31)

The above problem has the same structure as (D.17) except that the support on t is
different. It can be analyzed using a similar argument as in Example D.3. A
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